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Preface

This volume contains the basics of Zermelo-Fraenkel axiomatic set theory. It is
situated between two opposite poles: On one hand there are elementary texts that
familiarize the reader with the vocabulary of set theory and build set-theoretic
tools for use in courses in analysis, topology, or algebra — but do not get into
metamathematical issues. On the other hand are those texts that explore issues
of current research interest, developing and applying tools (constructibility,
absoluteness, forcing, etc.) that are aimed to analyze the inability of the axioms
to settle certain set-theoretic questions.

Much of this volume just “does set theory”, thoroughly developing the theory
of ordinals and cardinals along with their arithmetic, incorporating a careful dis-
cussion of diagonalization and a thorough exposition of induction and inductive
(recursive) definitions. Thus it serves well those who simply want tools to ap-
ply to other branches of mathematics or mathematical sciences in general (e.g.,
theoretical computer science), but also want to find out about some of the subtler
results of modern set theory.

Moreover, a fair amount is included towards preparing the advanced reader
to read the research literature. For example, we pay two visits to Godel’s con-
structible universe, the second of which concludes with a proof of the relative
consistency of the axiom of choice and of the generalized continuum hypothesis
with ZF. As such a program requires, I also include a thorough discussion of
formal interpretations and absoluteness. The lectures conclude with a short but
detailed study of Cohen forcing and a proof of the non-provability in ZF of the
continuum hypothesis.

The level of exposition is designed to fit a spectrum of mathematical sophis-
tication, from third-year undergraduate to junior graduate level (each group will
find here its favourite chapters or sections that serve its interests and level of
preparation).

X1



xii Preface

The volume is self-contained. Whatever tools one needs from mathematical
logic have been included in Chapter I. Thus, a reader equipped with a com-
bination of sufficient mathematical maturity and patience should be able to
read it and understand it. There is a trade-off: the less the maturity at hand, the
more the supply of patience must be. To pinpoint this “maturity”: At least two
courses from among calculus, linear algebra, and discrete mathematics at the
junior level should have exposed the reader to sufficient diversity of mathemat-
ical issues and proof culture to enable him or her to proceed with reasonable
ease.

A word on approach. I use the Zermelo-Fraenkel axiom system with the axiom
of choice (AC). This is the system known as ZFC. As many other authors do, I
simplify nomenclature by allowing “proper classes” in our discussions as part
of our metalanguage, but not in the formal language.

I said earlier that this volume contains the “basics”. I mean this charac-
terisation in two ways: One, that all the fundamental tools of set theory as needed
elsewhere in the mathematical sciences are included in detailed exposition. Two,
that I do not present any applications of set theory to other parts of mathematics,
because space considerations, along with a decision to include certain advanced
relative consistency results, have prohibited this.

“Basics” also entails that I do not attempt to bring the reader up to speed
with respect to current research issues. However, a reader who has mastered
the advanced metamathematical tools contained here will be able to read the
literature on such issues.

The title of the book reflects two things: One, that all good short titles are
taken. Two, more importantly, it advertises my conscious effort to present the
material in a conversational, user-friendly lecture style. I deliberately employ
classroom mannerisms (such as “pauses” and parenthetical “why”’s, “what if”’s,
and attention-grabbing devices for passages that I feel are important). This
aims at creating a friendly atmosphere for the reader, especially one who has
decided to study the topic without the guidance of an instructor. Friendliness
also means steering clear of the terse axiom-definition-theorem recipe, and
explaining how some concepts were arrived at in their present form. In other
words, what makes things tick. Thus, I approach the development of the key
concepts of ordinals and cardinals, initially and tentatively, in the manner they
were originally introduced by Georg Cantor (paradox-laden and all). Not only
does this afford the reader an understanding of why the modern (von Neumann)
approach is superior (and contradiction-free), but it also shows what it tries to
accomplish. In the same vein, Russell’s paradox is visited no less than three



Preface xiii

times, leaving us in the end with a firm understanding that it has nothing to do
with the “truth” or otherwise of the much-maligned statement “x € x” but it is
just the result of a diagonalization of the type Cantor originally taught us.

A word on coverage. Chapter I is our “Chapter 0”. It contains the tools needed
to enable us do our job properly — a bit of mathematical logic, certainly no more
than necessary. Chapter II informally outlines what we are about to describe
axiomatically: the universe of all the “real” sets and other “objects” of our
intuition, a caricature of the von Neumann “universe”. It is explained that the
whole fuss about axiomatic set theory! is to have a formal theory derive true
statements about the von Neumann sets, thus enabling us to get to know the
nature and structure of this universe. If this is to succeed, the chosen axioms
must be seen to be “true” in the universe we are describing.

To this end I ensure via informal discussions that every axiom that is intro-
duced is seen to “follow” from the principle of the formation of sets by stages, or
from some similarly plausible principle devised to keep paradoxes away. In this
manner the reader is constantly made aware that we are building a meaningful
set theory that has relevance to mathematical intuition and expectations (the
“real” mathematics), and is not just an artificial choice of a contradiction-free
set of axioms followed by the mechanical derivation of a few theorems.

With this in mind, I even make a case for the plausibility of the axiom of
choice, based on a popularization of Gddel’s constructible universe argument.
This occurs in Chapter IV and is informal.

The set theory we do allows atoms (or Urelemente),t just like Zermelo’s.
The re-emergence of atoms has been defended aptly by Jon Barwise (1975) and
others on technical merit, especially when one does “restricted set theories”
(e.g., theory of admissible sets).

Our own motivation is not technical; rather it is philosophical and ped-
agogical. We find it extremely counterintuitive, especially when addressing
undergraduate audiences, to tell them that all their familiar mathematical
objects — the “stuff of mathematics” in Barwise’s words — are just perverse
“box-in-a-box-in-a-box . .. formations built from an infinite supply of empty
boxes. For example, should I be telling my undergraduate students that their
Sfamiliar number “2” really is just a short name for something like “ D@ ”?
And what will I tell them about “v/27?

T 0.K., maybe not the whole fuss. Axiomatics also allow us to meaningfully ask, and attempt to
answer, metamathematical questions of derivability, consistency, relative consistency, indepen-
dence. But in this volume much of the fuss is indeed about learning set theory.

E Allows, but does not insist that there are any.
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Some mathematicians have said that set theory (without atoms) speaks only
of sets and it chooses not to speak about objects such as cows or fish (colourful
terms for urelements). Well, it does too! Such (“atomless”) set theory is known
to be perfectly capable of constructing “artificial ” cows and fish, and can then
proceed to talk about such animals as much as it pleases.

While atomless ZFC has the ability to construct or codify all the familiar
mathematical objects in it, it does this so well that it betrays the prime directive
of the axiomatic method, which is to have a theory that applies to diverse
concrete (meta — i.e., outside the theory and in the realm of “everyday math”)
mathematical systems. Group theory and projective geometry, for example,
fulfill the directive.

In atomless ZFC the opposite appears to be happening: One is asked to
embed the known mathematics into the formal system.

We prefer a set theory that allows both artificial and real cows and fish, so that
when we want to illustrate a point in an example utilizing, say, the everyday set
of integers, Z, we can say things like “let the atoms (be interpreted to) include
the members of Z . ..”.

But how about technical convenience? Is it not hard to include atoms in a
formal set theory? In fact, not at all!

A word on exposition devices. I freely use a pedagogical feature that, I believe,
originated in Bourbaki’s books — that is, marking an important or difficult topic
by placing a “winding road” sign in the margin next to it. I am using here the
same symbol that Knuth employed in his TgXbook, namely, <, marking with
it the beginning and end of an important passage.

Topics that are advanced, or of the “read at your own risk” type, can be
omitted without loss of continuity. They are delimited by a double sign, ©<.

Most chapters end with several exercises. I have stopped making attempts to
sort exercises between “hard” and “just about right”, as such classifications are
rather subjective. In the end, I’ll pass on to you the advice one of my professors
at the University of Toronto used to offer: “Attempt all the problems. Those you
can do, don’t do. Do the ones you cannot”.

What to read. Just as in the advice above, I suggest that you read everything
that you do not already know if time is no object. In a class environment the
coverage will depend on class length and level, and I defer to the preferences of
the instructor. I suppose that a fourth-year undergraduate audience ought to see
the informal construction of the constructible universe in Chapter IV, whereas
a graduate audience would rather want to see the formal version in Chapter VI.
The latter group will probably also want to be exposed to Cohen forcing.
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A Bit of Logic: A User’s Toolbox

This prerequisite chapter — what some authors call a “Chapter 0” —is an abridged
version of Chapter I of volume 1 of my Lectures in Logic and Set Theory. Itis of-
fered here just in case that volume Mathematical Logic is not readily accessible.

Simply put, logic' is about proofs or deductions. From the point of view of
the user of the subject — whose best interests we attempt to serve in this chapter —
logic ought to be just a toolbox which one can employ to prove theorems, for
example, in set theory, algebra, topology, theoretical computer science, etc.

The volume at hand is about an important specimen of a mathematical theory,
or logical theory, namely, axiomatic set theory. Another significant example,
which we do not study here, is arithmetic. Roughly speaking, a mathematical
theory consists on one hand of assumptions that are specific to the subject
matter — the so-called axioms — and on the other hand a toolbox of logical rules.
One usually performs either of the following two activities with a mathematical
theory: One may choose to work within the theory, that is, employ the tools and
the axioms for the sole purpose of proving theorems. Or one can take the entire
theory as an object of study and study it “from the outside” as it were, in order to
pose and attempt to answer questions about the power of the theory (e.g., “does
the theory have as theorems all the ‘true’ statements about the subject matter?”),
its reliability (meaning whether it is free from contradictions or not), how its
reliability is affected if you add new assumptions (axioms), etc.

Our development of set theory will involve both types of investigations indi-
cated above:

(1) Primarily, we will act as users of logic in order to deduce “true” state-
ments about sets (i.e., theorems of set theory) as consequences of certain

T We drop the qualifier “mathematical” from now on, as this is the only type of logic we are about.

1



2 1. A Bit of Logic: A User’s Toolbox

“obviously true”f statements that we accept up front without proof, namely,
the ZFC axioms.! This is pretty much analogous to the behaviour of a
geometer whose job is to prove theorems of, say, Euclidean geometry.

(2) We will also look at ZFC from the outside and address some issues of the
type “is such and such a sentence (of set theory) provable from the axioms
of ZFC and the rules of logic alone?”

Itis evident that we need a precise formulation of set theory, that is, we must
turn it into a mathematical object in order to make task (2), above, a meaningful
mathematical activity.? This dictates that we develop logic itself formally, and
subsequently set theory as a formal theory.

Formalism,¥ roughly speaking, is the abstraction of the reasoning processes
(proofs) achieved by deleting any references to the “truth content” of the com-
ponent mathematical statements (formulas). What is important in formalist
reasoning is solely the syntactic form of (mathematical) statements as well as
that of the proofs (or deductions) within which these statements appear.

A formalist builds an artificial language, that is, an infinite — but finitely
specifiable* — collection of “words” (meaning symbol sequences, also called
expressions). Hell then uses this language in order to build deductions — that
is, finite sequences of words — in such a manner that, at each step, he writes
down a word if and only if it is “certified” to be syntactically correct to do so.
“Certification” is granted by a toolbox consisting of the very same rules of logic
that we will present in this chapter.

The formalist may pretend, if he so chooses, that the words that appear in a
proof are meaningless sequences of meaningless symbols. Nevertheless, such
posturing cannot hide the fact that (in any purposefully designed theory) these

—

We often quote a word or cluster of related words as a warning that the crude English meaning
is not necessarily the intended meaning, or it may be ambiguous. For example, the first “true”
in the sentence where this footnote originates is technical, but in a first approximation may be
taken to mean what “true” means in English. “Obviously true” is an ambiguous term. Obvious to
whom? However, the point is — to introduce another ambiguity — that “reasonable people” will
accept the truth of the (ZFC) axioms.

This is an acronym reflecting the names of Zermelo and Fraenkel —the founders of this particular
axiomatization — and the fact that the so-called axiom of choice is included.

Here is an analogy: It is the precision of the rules for the game of chess that makes the notion of
analyzing a chessboard configuration meaningful.

The person who practises formalism is a formalist.

The finite specification is achieved by a finite collection of “rules”, repeated applications of which
build the words.

I By definition, “he”, “his”, “him” — and their derivatives — are gender-neutral in this volume.

—+

wn

* .



1. A Bit of Logic: A User’s Toolbox 3

words codify “true” (intuitively speaking) statements. Put bluntly, we must have
something meaningful to talk about before we bother to codify it.

Therefore, a formal theory is a laboratory version (artificial replica or sim-
ulation, if you will) of a “real” mathematical theory of the type encountered
in mathematics,’ and formal proofs do unravel (codified versions of) “truths”
beyond those embodied in the adopted axioms.

It will be reassuring for the uninitiated that it is a fact of logic that the to-
tality of the “universally true” statements — that is, those that hold in all of
mathematics and not only in specific theories — coincides with the totality
of statements that we can deduce purely formally from some simple univer-
sally true assumptions such as x = x, without any reference to meaning or
“truth” (Godel’s completeness theorem for first order logic). In short, in this
case formal deducibility is as powerful as “truth”. The flip side is that formal
deducibility cannot be as powerful as “truth” when it is applied to specific
mathematical theories such as set theory or arithmetic (Godel’s incompleteness
theorem).

Formalization allows us to understand the deeper reasons that have pre-
vented set theorists from settling important questions such as the continuum
hypothesis — that is, the statement that there are no cardinalities between that of
the set of natural numbers and that of the set of the reals. This understanding is
gathered by “running diagnostics” on our laboratory replica of set theory. That
is, just as an engineer evaluates a new airplane design by building and testing
a model of the real thing, we can find out, with some startling successes, what
are the limitations of our theory, that is, what our assumptions are incapable of
logically implying.* If the replica is well built,’ we can then learn something
about the behaviour of the real thing.

In the case of formal set theory and, for example, the question of our failure
to resolve the continuum hypothesis, such diagnostics (the methods of Godel
and Cohen — see Chapters VI and VIII) return a simple answer: We have not
included enough assumptions in (whether “real” or “formal”) set theory to settle
this question one way or another.

T Examples of “real” (non-formalized) theories are Euclid’s geometry, topology, the theory of
groups, and, of course, Cantor’s “naive” or “informal” set theory.

£ In model theory “model” means exactly the opposite of what it means here. A model airplane
abstracts the real thing. A model of a formal (i.e., abstract) theory is a “concrete” or “real” version
of the abstract theory.

§ This is where it pays to choose reasonable assumptions, assumptions that are “obviously true”.
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But what about the interests of the reader who only wants to practise set
theory, and who therefore may choose to skip the parts of this volume that just
talk about set theory? Does, perchance, formalism put him into an unnecessary
straitjacket?

We think not. Actually it is easier, and safer, to reason formally than to do so
informally. The latter mode often mixes syntax and semantics (meaning), and
there is always the danger that the “user” may assign incorrect (i.e., convenient,
but not general) meanings to the symbols that he manipulates, a phenomenon
that anyone who is teaching mathematics must have observed several times
with some distress.

Another uncertainty one may encounter in an informal approach is this:
“What can we allow to be a ‘property’ in mathematics?” This is an important
question, for we often want to collect objects that share a common property,
or we want to prove some property of the natural numbers by induction or by
the least principle. But what is a property? Is colour a property? How about
mood? It is not enough to say, “no, these are not properties”, for these are
just two frivolous examples. The question is how to describe accurately and
unambiguously the infinite variety of properties that are allowed. Formalism
can do just that.

“Formalism for the user” is not a revolutionary slogan. It was advocated
by Hilbert, the founder of formalism, partly as a means of — as he believed* —
formulating mathematical theories in a manner that allows one to check them
(i.e., run diagnostic tests on them) for freedom from contradiction,? but also as
the right way to do mathematics. By this proposal he hoped to salvage mathe-
matics itself — which, Hilbert felt, was about to be destroyed by the Brouwer
school of intuitionist thought. In a way, his program could bridge the gap
between the classical and the intuitionist camps, and there is some evidence
that Heyting (an influential intuitionist and contemporary of Hilbert) thought
that such a rapprochement was possible. After all, since meaning is irrelevant
to a formalist, all that he is doing (in a proof) is shuffling finite sequences of

T Well, almost. So-called cardinality considerations make it impossible to describe all “good”
properties formally. But, practically and empirically speaking, we can define all that matter for
“doing mathematics”.

1 This belief was unfounded, as Godel’s incompleteness theorems showed.

§ Hilbert’s metatheory — that is, the “world” or “lab” outside the theory, where the replica is
actually manufactured — was finitary. Thus — Hilbert believed — all this theory building and
theory checking ought to be effected by finitary means. This was another ingredient that was
consistent with peaceful coexistence with the intuitionists. And, alas, this ingredient was the one
that — as some writers put it — destroyed Hilbert’s program to found mathematics on his version
of formalism. Godel’s incompleteness theorems showed that a finitary metatheory is not up to
the task.
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symbols, never having to handle or argue about infinite objects — a good thing,
as far as an intuitionist is concerned.?

In support of the “formalism for the user” position we must not fail to
mention Bourbaki’s (1966a) monumental work, which is a formalization of a
huge chunk of mathematics, including set theory, algebra, topology, and theory
of integration. This work is strictly for the user of mathematics, not for the
metamathematician who studies formal theories. Yet, it is fully formalized,
true to the spirit of Hilbert, and it comes in a self-contained package, including
a “Chapter 0” on formal logic.

More recently, the proposition of employing formal reasoning as a tool has
been gaining support in a number of computer science undergraduate curricula,
where logic and discrete mathematics are taught in a formalized setting, starting
with a rigorous course in the two logical calculi (propositional and predicate),
emphasizing the point of view of the user of logic (and mathematics) — hence
with an attendant emphasis on calculating (i.e., writing and annotating formal)
proofs. Pioneering works in this domain are the undergraduate text (1994) and
the paper (1995) of Gries and Schneider.

You are urged to master the technique of writing formal proofs by studying
how we go about it throughout this volume, especially in Chapter II1.* You will
find that writing and annotating formal proofs is a discipline very much like
computer programming, so it cannot be that hard. Computer programming is
taught in the first year, isn’t it?

t True, a formalist applies classical logic, while an intuitionist applies a different logic where, for
example, double negation is not removable. Yet, unlike a Platonist, a formalist does not believe —
or he does not have to disclose to his intuitionist friends that he might do — that infinite sets exist
in the metatheory, as his tools are just finite symbol sequences. To appreciate the tension here,
consider this anecdote: It is said that when Kronecker — the father of intuitionism — was informed
of Lindemann’s proof (1882) that 7 is transcendental, while he granted that this was an interesting
result, he also dismissed it, suggesting that 7 — whose decimal expansion is, of course, infinite
but not periodic — “does not exist” (see Wilder (1963, p. 193)). We do not propound the tenets of
intuitionism here, but it is fair to state that infinite sets are possible in intuitionistic mathematics
as this has later evolved in the hands of Brouwer and his Amsterdam school. However, such
sets must be (like all sets of intuitionistic mathematics) finitely generated — just like our formal
languages and the set of theorems (the latter provided that our axioms are too) — in a sense that
may be familiar to some readers who have had a course in automata and language theory. See
Wilder (1963, p. 234).

Many additional paradigms of formal proofs, in the context of arithmetic, are found in Chapter IT
of volume 1 of these Lectures.

One must not gather the impression that formal proofs are just obscure sequences of symbol
sequences akin to Morse code. Just as one does in computer programming, one also uses comments
in formal proofs — that is, annotations (in English, Greek, or your favourite natural language)
that aim to explain or justify for the benefit of the reader the various proof steps. At some point,
when familiarity allows and the length of (formal) proofs becomes prohibitive, we agree to relax
the proof style. Read on!

++

wn
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It is also fair to admit, in defense of “‘semantic reasoning”, that meaning is
an important tool for formulating conjectures, for analyzing a given proof in
order to figure out what makes it tick, or indeed for discovering the proof, in
rough outline, in the first place. For these very reasons we supplement many of
our formal arguments in this volume with discussions that are based on intuitive
semantics, and with several examples taken from informal mathematics.

We forewarn the reader of the inevitability with which the informal language
of sets already intrudes in this chapter (as it indeed does in all mathematics).
More importantly, some of the elementary results of Cantorian naive set theory
are needed here. Conversely, formal set theory needs the tools and some of the
results developed here. This apparent “chicken or egg” phenomenon is often
called “bootstrapping”,! not to be confused with “circularity” — which it is not:
Only informal set theory notation and results are needed here in order to found
formal set theory.

@This is a good place to summarize our grand plan:

First (in this chapter), we will formalize the rules of reasoning in general — as
these apply to all mathematics — and develop their properties. We will skip the
detailed study of the interaction between formalized rules and their intended
meaning (semantics), as well as the study of the limitations of these formalized
rules. Nevertheless, we will state without proof the relevant important results
that come into play here, the completeness and incompleteness theorems (both
due to Kurt Godel).

Secondly (starting with the next chapter), once we have learnt about these
tools of formalized reasoning — what they are and how to use them — we will
next become users of formal logic so that we can discover important theorems
of (or, as we say, develop) set theory. Of course, we will not forget to run a few
diagnostics. For example, Chapter VIII is entirely on metamathematical issues.

Formal theories, and their artificial languages, are defined (built) and “tested”
within informal mathematics (the latter also called “real” mathematics by
Platonists). The first theory that we build here is general-purpose, or “pure”,
formal logic. We can then build mathematical formal theories (e.g., set theory)
by just adding “impurities”’, namely, the appropriate special symbols and ap-
propriate special assumptions (written in the artificial formal language).

We describe precisely how we construct these languages and theories using
the usual abundance of mathematical notation, notions, and techniques available

T The term “bootstrapping” is suggestive of a person pulling himself up by his bootstraps. Reput-
edly, this technique, which is pervasive, among others, in the computer programming field — as
alluded to in the term “booting” — was invented by Baron Miinchhausen.
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to us, augmented by the descriptive power of natural language (e.g., English,
or Greek, or French, or German, or Russian), as particular circumstances or
geography might dictate. This milieu within which we build, pursue, and study
our theories — besides “real mathematics” — is also often called the meratheory,
or more generally, metamathematics. The language we speak while at it, this
mélange of mathematics and natural language, is the metalanguage. @

L.1. First Order Languages

In the most abstract and thus simplest manner of describing it, a formalized
mathematical theory (also, formalized logical theory) consists of the following
sets of things: a set of basic or primitive symbols, 7, used to build symbol
sequences (also called strings, or expressions, or words, over 7°); a set of
strings, WIT, over 77, called the formulas of the theory; and finally, a subset of
W1, Thm, the set of theorems of the theory.t

Well, this is the extension of a theory, that is, the explicit set of objects in it.
How is a theory given?

In most cases of interest to the mathematician it is given by specifying 7" and
two sets of simple rules, namely, formula-building rules and theorem-building
rules. Rules from the first set allow us to build, or generate, WEf from 7.
The rules of the second set generate Thm from WI{f. In short (e.g., Bourbaki
(1966b)), a theory consists of an alphabet of primitive symbols and rules used
to generate the “language of the theory” (meaning, essentially, Wff) from these
symbols, and some additional rules used to generate the theorems. We expand
on this below.

I.1.1 Remark. What is a rule? We run the danger of becoming circular or too
pedantic if we overdefine this notion. Intuitively, the rules we have in mind
are string manipulation rules — that is, “black boxes” (or functions) that re-
ceive string inputs and respond with string outputs. For example, a well-known
theorem-building rule receives as input a formula and a variable, and it returns
(essentially) the string composed of the symbol V, immediately followed by the
variable and, in turn, immediately followed by the formula.? O @

(1) First off, the (first order) formal language, L, where the theory is “spoken’”
is a triple (77", Term, WIf), that is, it has three important components, each
of them a set. 7 is the alphabet (or vocabulary) of the language. It is the

T For a less abstract, but more detailed view of theories see p. 39.
¥ This rule is usually called “generalization”.
§ We will soon say what makes a language “first order”.
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collection of the basic syntactic “bricks” (symbols) that we use to form
symbol sequences (or expressions) that are terms (members of Term) or
formulas (members of WIf). We will ensure that the processes that build
terms or formulas, using the basic building blocks in 77, are (intuitively)
algorithmic (“mechanical”). Terms will formally codify objects, while for-
mulas will formally codify statements about objects.

(2) Reasoning in the theory will be the process of discovering “true statements”
about objects — that is, theorems. This discovery journey begins with cer-
tain formulas which codify statements that we take for granted (i.e., accept
without proof as “basic truths”). Such formulas are the axioms. There are
two types of axioms. Special, or nonlogical, axioms are to describe specific
aspects of any theory that we might be building; they are “basic truths”
in a restricted context. For example, “x + 1 # 0” is a special axiom that
contributes towards the characterization of number theory over N. This is a
“basic truth” in the context of N but is certainly not true of the integers or the
rationals — which is good, because we do not want to confuse N with the in-
tegers or the rationals. The other kind of axiom will be found in all theories.
It is the kind that is “universally valid”, that is, not a theory-specific truth
but one that holds in all branches of mathematics (for example, “x = x” is
such a universal truth). This is why this type of axiom will be called logical.

(3) Finally, we will need rules for reasoning, actually called rules of inference.
These are rules that allow us to deduce, or derive, a true statement from other
statements that we have already established as being true.t These rules will
be chosen to be oblivious to meaning, being only conscious of form. They
will apply to statement configurations of certain recognizable forms and
will produce (derive) new statements of some corresponding recognizable
forms (see Remark I.1.1).

1.1.2 Remark. We may think of axioms (of either logical or nonlogical type) as
being special cases of rules, that is, rules that receive no input in order to produce
an output. In this manner item (2) above is subsumed by item (3), thus we are
faithful to our abstract definition of theory (where axioms were not mentioned).

An example, outside mathematics, of an inputless rule is the rule invoked
when you type date on your computer keyboard. This rule receives no input,
and outputs the current date on your screen. O

‘We next look carefully into (first order) formal languages.

t The generous use of the term “true” here is only meant to motivate. “Provable” or “deducible”
formula, or “theorem”, will be the technically precise terminology that we will soon define to
replace the term “true statement”.
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There are two parts in each first order alphabet. The first, the collection of
the logical symbols, is common to all first order languages (regardless of which
theory is spoken in them). We describe this part immediately below.

Logical Symbols.

LS.1. Object or individual variables. An object variable is any one symbol out
of the unending sequence vy, vy, vy, .... In practice — whether we are
using logic as a tool or as an object of study — we agree to be sloppy with
notation and use, generically, x, y, z, u, v, w with or without subscripts
or primes as names of object variables.” This is just a matter of nota-
tional convenience. We allow ourselves to write, say, z instead of, say,
V120000000000560000009- Object variables (intuitively) “vary over” (i.e., are
allowed to take values that are) the objects that the theory studies (e.g.,
numbers, sets, atoms, lines, points, etc., as the case may be).

LS.2. The Boolean or propositional connectives. These are the symbols “—”
and “Vv”.f These are pronounced not and or respectively.

LS.3. The existential quantifier, that is, the symbol “3”, pronounced exists or
for some.

LS.4. Brackets, that is, “(” and “)”.

LS.5. The equality predicate. This is the symbol “=
that objects are “equal”. It is pronounced equals.

i}

’, which we use to indicate

The logical symbols will have a fixed interpretation. In particular, “="" will
always be expected to mean equals.

The theory-specific part of the alphabet is not fixed, but varies from theory
to theory. For example, in set theory we just add the nonlogical (or special)
symbols, € and U. The first is a special predicate symbol (or just predicate) of
arity 2; the second is a predicate symbol of arity 1.5

In number theory we adopt instead the special symbols S (intended meaning:
successor, or “ + 17, function), +, X, 0, <, and (sometimes) a symbol for the

—

Conventions such as this one are essentially agreements — effected in the metatheory — on how to
be sloppy and get away with it. They are offered in the interest of user-friendliness and readability.
There are also theory-specific conventions, which may allow additional names in our informal
(metamathematical) notation. Such examples, in set theory, occur in the following chapters.
The quotes are not part of the symbol. They serve to indicate clearly, e.g., in the case of “v” here,
what is part of the symbol and what is not (the following period is not).

“arity” is derived from “ary” of “unary”, “binary”, etc. It denotes the number of arguments
needed by a symbol according to the dictates of correct syntax. Function and predicate symbols
need arguments.

-
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exponentiation operation (function) a®. The first three are function symbols of

arities 1, 2, and 2 respectively. 0 is a constant symbol, < is a predicate of arity 2,

and whatever symbol we might introduce to denote a” would have arity 2.
The following list gives the general picture.

Nonlogical Symbols.

NLS.1.

NLS.2.

NLS.3.

A (possibly empty) set of symbols for constants. We normally use
the metasymbolst a, b, ¢, d, e, with or without primes or subscripts, to
stand for constants unless we have in mind some alternative “standard”
formal notation in specific theories (e.g., @, 0, w).

A (possibly empty) set of symbols for predicate symbols or relation
symbols for each possible arity n > 0. We normally use P, Q, R,
generically, with or without primes or subscripts, to stand for predicate
symbols. Note that = is in the logical camp. Also note that theory-
specific formal symbols are possible for predicates, e.g., <, €, U.
Finally, a (possibly empty) set of symbols for functions for each possi-
ble arity n > 0. We normally use f, g, i, generically, with or without
primes or subscripts, to stand for function symbols. Note that theory-
specific formal symbols are possible for functions, e.g., +, X.

L.1.3 Remark. (1) We have the option of assuming that each of the logical
symbols that we named in LS.1-LS.5 have no further structure and that the
symbols are, ontologically, identical to their names, that is, they are just these
exact signs drawn on paper (or on any equivalent display medium).

In this case, changing the symbols, say, — and 3 to ~ and E respectively
results in a “different” logic, but one that is, trivially, isomorphic to the one we
are describing: Anything that we may do in, or say about, one logic trivially
translates to an equivalent activity in, or utterance about, the other as long as
we systematically carry out the translations of all occurrences of — and 3 to ~
and E respectively (or vice versa).

An alternative point of view is that the symbol names are not the same as
(identical with) the symbols they are naming. Thus, for example, “—" names
the connective we pronounce not, by we do not know (or care) exactly what
the nature of this connective is (we only care about how it behaves). Thus, the
name “—" becomes just a typographical expedient and may be replaced by other
names that name the same object, not.

This point of view gives one flexibility in, for example, deciding how the
variable symbols are “implemented”. It often is convenient to suppose that the

T Metasymbols are informal (i.e., outside the formal language) symbols that we use within “real”
mathematics — the metatheory — in order to describe, as we are doing here, the formal language.
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entire sequence of variable symbols was built from just two symbols, say, “v”
and “|”." One way to do this is by saying that v; is a name for the symbol
sequence

Regardless of option, v; and v; will name distinct objects if i # j.

This is not the case for the meravariables (abbreviated informal names)
X,y,2z,u, v, w. Unless we say explicitly otherwise, x and y may name the
same formal variable, say, vi3;.

We will mostly abuse language and deliberately confuse names with the
symbols they name. For example, we will say “let vigg7 be an object variable. . .”
rather than “let vigg7 name an object variable ...”, thus appearing to favour
option one.

(2) Any two symbols included in the alphabet are distinct. Moreover, if any
of them are built from simpler sub-symbols — e.g., vy, vi, v, . .. might really
name the strings vv, v|v, v||v, ... — then none of them is a substring (or subex-
pression) of any other.}

(3) A formal language, just like a natural language (such as English or Greek),
is alive and evolving. The particular type of evolution we have in mind is the
one effected by formal definitions. Such definitions continually add nonlogical
symbols to the language.}

Thus, when we say that, e.g., “c and U are the only nonlogical symbols of
set theory”, we are telling a small white lie. More accurately, we ought to have
said that “e and U are the only ‘primitive’ (or primeval) nonlogical symbols of
set theory”, for we will add loads of other symbols such as U, w, @, C, and C.

This evolution affects the (formal) language of any theory, not just that of

set theory. a @

We intend these two symbols to be identical to their names. No philosophical or other purpose
will be served by allowing more indirection here (such as “v names u, which actually names w,
which actually is . ..”).

What we have stated under (2) are requirements, not metatheorems. That is, they are nothing of
the sort that we can prove about our formal language within everyday mathematics.

This phenomenon will be visited upon in some detail in what follows. By the way, any additions
are made to the nonlogical side of the alphabet, since all the logical symbols have been given,
once and for all.

—

-
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@ Wait a minute! If formal set theory is to serve as the foundation of all mathe-
matics, and if the present chapter is to assist towards that purpose, then how is
it that we are already employing natural numbers like 12000000560000009 as
subscripts in the names of object variables? How is it permissible to already talk
about “sets of symbols” when we are about to found a theory of sets formally?
Surely we do not have' any of these items yet, do we?

This protestation is offered partly in jest. We have already said that we work
within real mathematics as we build the “replicas” or “simulators” of logic
and set theory. Say we are Platonists. Then the entire body of mathematics —
including infinite sets, in particular the set of natural numbers N — is available
to us as we are building whatever we are building.

We can thus describe how we assemble the simulator and its various parts
using our knowledge of real mathematics, the language of real mathematics,
and all “building blocks” available to us, including sets, infinite or otherwise,
and natural numbers. This mathematics “exists” whether or not anyone ever
builds a formal simulator for naive set theory, or logic for that matter. Thus any
apparent circularity disappears.

Now if we are not Platonists, then our mathematical “reality” is more re-
stricted, but, nevertheless, building a simulator or not in this reality does not
affect the existence of the reality. We will, however, this time, revise our tools.
For example, if we prefer to think that individual natural numbers exist (up
to any size), but not so their collection N, then it is still possible to build our
formal languages (in particular, as many object variables as we want) — pretty
much as already described — in this restricted metatheory. We may have to
be careful not to say that we have a unending sequence of such variables, as
this would presume the existence of infinite sets in the metatheory.! We can
say instead that a variable is any object of the form v; where i is a (meaning-
less) word of (meaningless) symbols, the latter chosen out of the set or list
“0,1,2,3,4,5,6,7,8,9”.

Clearly the above approach works even within a metatheory that has failed
to acknowledge the existence of any natural numbers.$ @@

In this volume we will take the normal user-friendly position that is habi-
tual nowadays, namely, that our metatheory is the Platonist’s (infinitary)
mathematics. @

T “Do not have” in the sense of having not formally defined — or proved to exist — or both.

A finitist would have none of it, although a post-Brouwer intuitionist would be content that such
a sequence is finitely describable.

§ Hilbert, in his finitistic metatheory, built whatever natural numbers he needed by repeating the
stroke symbol ““|”.
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1.1.4 Definition (Terminology about Strings). A symbol sequence, or expres-
sion (or string), that is formed by using symbols exclusively out of a given set
M is called a string over the set, or alphabet, M.

If A and B denote strings (say, over M), then the symbol A * B, or more
simply A B, denotes the symbol sequence obtained by listing first the symbols
of A in the given left to right sequence, immediately followed by the symbols of
B in the given left to right sequence. We say that A B is (more properly, denotes
or names) the concatenation of the strings A and B in that order.

‘We denote the fact that the strings (named) C and D are identical sequences
(but we just say that they are equal) by writing C = D. The symbol # denotes
the negation of the string equality symbol =. Thus, if # and ? are (we do mean
“are”) symbols from an alphabet, then #?? = #?? but #? £ #77. We can also
employ = in contexts such as “let A = ##?7”, where we give the name A to the
string ##7.}

In this book the symbol = will be used exclusively in the metatheory as equality
of strings over some set M. @

The symbol A normally denotes the empty string, and we postulate for it the
following behaviour:

A=Ar=2AA for all strings A.

We say that A occurs in B, or is a substring of B, iff % there are strings C and
D such that B = CAD. For example, “(” occurs four times in the (explicit)
string “—=(()V)((”, at positions 2, 3, 7, 8. Each time this happens we have an
occurrence of “(” in “=(O)V)((.

If C = X, we say that A is a prefix of B. If moreover D # A, then we say
that A is a proper prefix of B. O

L.1.5 Definition (Terms). The set of terms, Term, is the smallest set of strings
over the alphabet 7 with the following two properties:

(1) Any of the items in LS.1 or NLS.1 (x, y, z, a, b, c, etc.) are included.

T A set that supplies symbols to be used in building strings is not special. It is just a set. However,
it often has a special name: “alphabet”.

f Punctuation, such as “”, is not part of the string. One often avoids such footnotes by quoting
strings that are explicitly written as symbol sequences. For example, if A stands for the string
#, one writes A = “#”. Note that we must not write “A”, unless we mean a string whose only
symbol is A.

§ If and only if.
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(2) If f is a function® of arity n and 1y, 5, .. ., t, are included, then so is the
string “ftity ... 1,7,

The symbols ¢, s, and u, with or without subscripts or primes, will denote
arbitrary terms. As they are used to describe the syntax of terms, we often call
such symbols syntactic variables — which is synonymous with metavariables.

g

1.1.6 Remark. (1) We often abuse notation and write f(¢,...,t,) instead of
fl‘] R

(2) Definition 1.1.5 is an inductive definition.! It defines a more or less com-
plicated term by assuming that we already know what simpler terms look like.
This is a standard technique employed in real mathematics (within which we are
defining the formal language). We will have the opportunity to say more about
such inductive definitions — and their appropriateness — in a < & comment
later on.

(3) We relate this particular manner of defining terms to our working def-
inition of a theory (given on p. 7 immediately before Remark I.1.1 in terms
of “rules” of formation). Item (2) in I.1.5 essentially says that we build new
terms (from old ones) by applying the following general rule: Pick an arbitrary
function symbol, say f. This has a specific formation rule associated with it.
Namely, “for the appropriate number, 7, of an already existing ordered list of
terms, tq, . .., t,, build the new term consisting of f, immediately followed by
the ordered list of the given terms”.

For example, suppose we are working in the language of number theory.
There is a function symbol + available there. The rule associated with + builds
the new term ++fs for any prior obtained terms ¢ and s. Thus, 4+v;v3 and
4121 + vy vy3 are well-formed terms. We normally write terms of number the-
ory in infix notation,! i.e., t+s, v{ +vy3 and vi2; +(v; +v13) (note the intrusion of
brackets, to indicate sequencing in the application of +).

A by-product of what we have just described is that the arity of a function
symbol f is whatever number of terms the associated rule will require as
input.

T We will omit from now on the qualification “symbol” from terminology such as “function sym-
bol”, “constant symbol”, “predicate symbol”.

 Some mathematicians are adamant that we call this a recursive definition and reserve the term
“induction” for “induction proofs”. This is seen to be unwarranted hairsplitting if we consider
that Bourbaki (1966b) calls induction proofs “démonstrations par récurrence”. We will be less
dogmatic: Either name is all right.

§ Function symbol placed between the arguments.
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(4) A crucial word used in 1.1.5 (which recurs in all inductive definitions) is
“smallest”. It means “least inclusive” (set). For example, we may easily think of
a set of strings that satisfies both conditions of the above definition, but which
is not “smallest” by virtue of having additional elements, such as the string

13 99
—|—|( .

Pause. Why is “——(” not in the smallest set as defined above, and therefore
not a term?

The reader may wish to ponder further on the import of the qualification
“smallest” by considering the familiar (similar) example of N. The principle of
induction in N ensures that this set is the smallest with the properties

(i) 0is included, and
(i1) if n is included, then so is n + 1.

By contrast, all of Z (set of integers), Q (set of rational numbers), and R (set
of real numbers) satisfy (i) and (ii), but they are clearly not the “smallest” such.

"®
1.1.7 Definition (Atomic Formulas). The set of atomic formulas, Af, contains
precisely:

(1) The strings t = s for every possible choice of terms ¢, s.
(2) The strings Pt;t, ... t, for every possible choices of n-ary predicates P (for
all choices of n > 0) and all possible choices of terms #;, 2, ..., t,. O

@We often abuse notation and write P(f, ..., t,) instead of Pt ... t,. @

1.1.8 Definition (Well-Formed Formulas). The set of well-formed formulas,
WHT, is the smallest set of strings or expressions over the alphabet 7 with the
following properties:

(a) All the members of Af are included.

(b) If .7 and . denote strings (over 7) that are included, then (.7 Vv .%7) and
(—.2) are also included.

(c) If .7 ist a string that is included and x is any object variable (which may or
may not occur (as a substring) in the string /%), then the string ((3x). %)
is also included. We say that .7 is the scope of (Ix). O

T Denotes.
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1.1.9 Remark.

(1) The above is yet another inductive definition. Its statement (in the met-
alanguage) is facilitated by the use of syntactic, or meta-, variables — .7 and
% —used as names for arbitrary (indeterminate) formulas. We first encountered
the use of syntactic variables in Definition I.1.5.

In general, we will let calligraphic capital letters .4, .%, ¢, &, &,.7, &
(with or without primes or subscripts) be syntactic variables (i.e., metalinguistic
names) denoting well-formed formulas, or just formulas, as we often say. The
definition of WIf given above is standard. In particular, it permits well-formed
formulas such as ((3x)((3x)x = 0)) in the interest of making the formation
rules context-free.!

(2) The rules of syntax just given do not allow us to write things such as 3 f
or 3P where f and P are function and predicate symbols respectively. That
quantification is deliberately restricted to act solely on object variables makes
the language first order.

(3) We have already indicated in Remark 1.1.6 where the arities of function
and predicate symbols come from (Definitions I.1.5 and I.1.7 referred to them).
These are numbers that are implicit (“hardwired”) within the formation rules
for terms and atomic formulas. Each function, and each predicate symbol —e.g.,
+, X, €, < — has its own unique associated formation rule. This rule “knows”
how many terms are needed (on the “input side”) in order to form a term or
atomic formula.

There is an alternative way of making arities of symbols known (in the
metatheory): Rather than embedding arities in the formation rules, we can hide
them inside the ontology of the symbols, not making them explicit in the name.
For example, a new symbol, say *, can be used to record arity. That is, we can
think of a predicate (or function) symbol as consisting of two parts: an arity
part and an “all the rest” part, the latter needed to render the symbol unique.
For example, € may be actually the short name for the symbol “€**”’, where
this latter name is identical to the symbol it denotes, or “what you see is what
you get” —see Remark I.1.3(1) and (2), p. 10. The presence of the two asterisks
declares the arity. Some people say this differently: They make available to the
metatheory a “function”, ar, from “the set of all predicate and function symbols”
(of a given language) to the natural numbers, so that for any function symbol f
or predicate symbol P, ar(f) and ar(P) yield the arity of f or P respectively.

t In some presentations, formation rule I.1.8(c) is context-sensitive: It requires that x be nor already
quantified in . 2.

f In mathematics we understand a function as a set of input-output pairs. One can “glue” the two
parts of such pairs together, as in “€**”” — where “€” is the input part and “s” is the output part,
the latter denoting “2” — etc. Thus, the two approaches are equivalent.
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(4) As a consequence of the remarks in (3) the theory can go about its job of
generating, say, terms using the formation rules, at the same time being unable
to see or discuss these arities, since these are hidden inside the rules (or inside
the function or predicate names in the alternative approach). So it is not in the
theory’s “competence” to say, e.g., “hmm, this function has arity 10011132”.
Indeed, a theory cannot even say “hmm, so this is a function (or a term, or a
wif)”. A theory just generates strings. It does not test them for membership in
syntactic categories, such as variable, function, term, or wff. A human user of
the theory, on the other hand, can, of course, make such observations. Indeed,
in theories such as set theory and arithmetic, the human user can even write a
computer program that correctly makes such observations. But both of these
agents, human and computer, act in the metatheory.

(5) Abbreviations:

Abrl. The string ((Vx).Z) abbreviates the string (—((3x)(—.7))). Thus, for
any explicitly written formula. Z, the former notation is informal (meta-
mathematical), while the latter is formal (within the formal language). In
particular, V is a metalinguistic symbol. “Vx” is the universal quantifier.
7 is its scope. The symbol V is pronounced for all.

We also introduce — in the metalanguage — a number of additional Boolean
connectives in order to abbreviate certain strings:

Abr2. Conjunction, A. (7 A %) stands for (—((—.2) V (—.%))). The symbol
A is pronounced and.

Abr3. Classical or material implication, —. (7 — %) stands for ((—.7) v
). (% — B) is pronounced if 7, then ..

Abrd. Equivalence, <>. (7 <> %) stands for (2 — L) A (B — 2)).

Abr5. To minimize the use of brackets in the metanotation, we adopt standard
priorities of connectives, that is, V, 3, and — have the highest; then
we have (in decreasing order of priority) A, V, —, <>; and we agree
not to use outermost brackets. All associativities are right — that is,
if we write .72 — % — &, then this is a (sloppy) counterpart for
(A — (B —> ).

(6) The language just defined, L, is one-sorted, that is, it has a single sort or
type of object variable. Is this not inconvenient? After all, our set theory will
have both atoms and sets. In other theories, e.g., geometry, one has points, lines,
and planes. One would have hoped to have different types of variables, one for
each.

Actually, to do this would amount to a totally unnecessary complication of
syntax. We can (and will) get away with just one sort of object variable. For
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example, in set theory we will also introduce a 1-ary' predicate, U, whose job is
to test an object for “sethood™* (vs. atom status). Similar remedies are available
to other theories. For example, geometry will manage with one sort of variable,
and unary predicates “Point”, “Line”, and “Plane”.

Apropos language, some authors emphasize the importance of the nonlogical
symbols, taking at the same time the formation rules for granted; thus they say
that we have a language, say, “L = {€, U}” rather than “L = (7, Term, Wff)
where 7 has € and U as its only nonlogical symbols”. That is, they use
“language” for the nonlogical part of the alphabet. O

@@This comment requires some familiarity with elementary concepts — such
as BNF notation for grammar specification — encountered in a course on
formal languages and automata, or, alternatively in language manuals for Algol-
like programming languages (such as Algol itself, Pascal, etc.); hence the @ &
sign.

We have said above “This rule ‘knows’ how many terms are needed (on
the ‘input side’) in order to form a term or atomic formula.” We often like to
personify rules, theories, and the like, to make the exposition more relaxed.
This runs the danger of being misunderstood on occasion. Here is how a rule
“knows”.

Syntactic definitions in the part of theoretical computer science known as
formal language theory are given by a neat notation called BNF:! To fix ideas,
let us say that we are describing the terms of a specific first order language that
contains just one constant symbol, “c”, and just two function symbols, “ f*” and
“g”, where we intend the former to be ternary (arity 3) and the latter of arity 5.
Moreover, assume that the variables vy, vy, . .. are short names for vv, v|v, ...
respectively.

Then, using the syntactic names (term), (var), (strokes) to stand for any
term, any variable, any string of strokes, we can recursively define these syn-
tactic categories as follows, where we read “—” as “is defined as” (the right

hand side), and the big stroke, ““|” — pronounced “or” — gives alternatives in the

" More usually called unary.
People writing about, or teaching, set theory have made this word up. Of course, one means by
it the property of being a set.

—+

wn

s

Backus-Naur form. Rules (1)—(3) are in BNF. In particular the alternative symbol is part of
BNF notation, and so is the (. ..) notation for the names of syntactic categories. The “— " has

many typographical variants, including “::=".
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definition (of the left hand side):

(1) (strokes) — A’(strokesﬂ
(2) (var) — v(strokes)v

(3) (term) — c‘(var)‘

f (term) (term) (term) ‘g (term) (term) (term) (term) (term)

For example, rule (1) says that a string of strokes is (defined as) either the empty
string A, or a string of strokes followed by a single stroke.

Rule (3) shows clearly how the “knowledge” of the arities of f and g is
“hardwired” within the rule. For example, the third alternative of that rule says
that a term is a string composed of the symbol “ f” followed immediately by
three strings, each of which is a term.

A variable that is quantified is bound in the scope of the quantifier. Non-
quantified variables are free. We also give below, by induction on formulas,
precise (metamathematical) definitions of “free” and “bound”.

1.1.10 Definition (Free and Bound Variables). An object variable x occurs
free in a term ¢ or atomic formula .7 iff it occurs in ¢ or .Z as a substring
(see 1.1.4).

x occurs free in (—.7) iff it occurs free in 2.

x occurs free in (7 Vv %) iff it occurs free in at least one of .Z and .%.

x occurs free in ((Iy).2) iff x occurs free in. 7 and y is not the same variable
as x.t

The y in ((3y).2) is, of course, not free — even if it might be so in .Z — as
we have just concluded in this inductive definition. We say that it is bound in
((@y).2). Trivially, terms and atomic formulas have no bound variables. O

@I.l.ll Remark. (1) Of course, Definition I.1.10 takes care of the defined con-
nectives as well, via the obvious translation procedure.

(2) Notation. If .7 is a formula, then we often write . Z[yy,..., y«] to
indicate interest in the variables yy, ..., yt, which may or may not be free in

 Recall that x and y are abbreviations of names such as vi200098 and vi19p9 (Which name distinct
variables). However, it could be that both x and y name v;¢;. Therefore it is not redundant to say
“and y is not the same variable as x”. By the way, x # y says the same thing, by I.1.4.
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.#. There may be other free variables in . Z that we may have chosen not to in-

clude in the list. On the other hand, if we use round brackets, asin. Z(y1, . . ., Yi),
then we are implicitly asserting that yj, ..., y is the complete list of free
variables that occur in 7. O

1.1.12 Definition. A term or formula is closed iff no free variables occur in it.
A closed formula is called a sentence.

A formula is open iff it contains no quantifiers (thus, an open formula may
also be closed). O

I.2. A Digression into the Metatheory: Informal
Induction and Recursion

We have already seen a number of inductive or recursive definitions in Sec-
tion I.1. The reader, most probably, has already seen or used such definitions
elsewhere.

‘We will organize the common important features of inductive definitions in
this section for easy reference. We will revisit these issues, within the framework
of formal set theory, in due course, but right now we need to ensure that our grasp
of these notions and techniques, at the metamathematical level, is sufficient for
our needs.

One builds a set S by recursion, or inductively (or by induction), out of two
ingredients: a set of initial objects, .7, and a set of rules or operations, .72. A
member of .72 — a rule — is a (possibly infinite) table, or relation, like

= |

Yiooooo Yn
aq e a, an 41
by ... by | by
If the above rule (table) is called Q, then we use the notations Q(ay, ..., a,,
an+1) and {ay, ..., a,, a,+1) € Q interchangeably to indicate that the ordered
sequence or “row” ay, ..., a,, a,+1 s present in the table. We say “Q(ay, ...,
ay, ap+1) holds” or “Q(ay, ..., a,, a,+1) is true”, but we often also say that
“Q applied to ay,...,a, yields a,,;”, or that “a,; is a result or output of
0, when the latter receives input ay, . .., a,”. We often abbreviate such inputs

T “x € A” means that “x is a member of — or is in — A” in the informal set-theoretic sense.
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using vector notation, namely, a, (or just a, if n is understood). Thus, we often

write Q(ay 1) for Q(ay, . .., an, any1).
A rule Q that has n + 1 columns is called (n + 1)-ary.

1.2.1 Definition. We say “a set T is closed under an (n + 1)-ary rule Q” to
mean that whenever cj,...,c, are all in T, then d € T for all d satisfying
Q(ct,y ..., Cus d). O

With these preliminary understandings out of the way, we now state

1.2.2 Definition. S is defined by recursion, or by induction, from initial objects
7 and set of rules .72, provided it is the smallest (least inclusive) set with the
properties

1) 7C 8.t
(2) S is closed under every Q in.72. In this case we say that S is .72-closed.

We write S = CI(.7, . %), and say that “S is the closure of .7 under .72”. O
We have at once:
L.2.3 Metatheorem (Induction on S). If S = CI(.7,.%) and if some set T

satisfies

() vCT,and
(2) T is closed under every Q in .7,

then S C T.
Pause. Why is the above a metatheorem?

The above principle of induction on S is often rephrased as follows: To prove
that a “property” P(x) holds for all members of CI(.7, .%2), just prove that

(a) Every member of .7 has the property, and

(b) The property propagates with every rule in .7, i.e., if P(c;) holds (is true)
fori = 1,...,n, and if Q(cy,..., c,, d) holds, then d too has property
P(x) —that is, P(d) holds.

 From our knowledge of elementary informal set theory, we recall that A € B means that every
member of A is also a member of B.
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Of course, this rephrased principle is valid, for if we let T be the set of all
objects that have property P (x)—for which set one employs the well-established
symbol {x : P(x)} — then this T satisfies (1) and (2) of the metatheorem.t @

1.2.4 Definition (Derivations and Parses). A (.7, .7%)-derivation, or simply
derivation — if .7 and .72 are understood — is a finite sequence of objects
dy,...,d, (n > 1) such that each d; is

(1) A member of .7, or!
(2) For some (r + 1)-ary Q € 7%, Q(d;,,...,d; ,d;) holds, and j; < i for
l=1,...,r.

We say that d; is derivable within i steps.
A derivation of an object A is also called a parse of a. O

@Trivially, ifd,,...,d,is aderivation, then soisdy,...,d, forany 1 <m < n.

If d is derivable within n steps, it is also derivable in k steps or less for all
k > n, since we can lengthen a derivation arbitrarily by adding.7-elements to it. @

I.2.5 Remark. The following metatheorem shows that there is a way to “con-
struct” CI(.7, .7%) iteratively, i.e., one element at a time by repeated application
of the rules.

This result shows definitively that our inductive definitions of terms (I.1.5)
and well-formed formulas (I.1.8) fully conform with our working definition of
theory, as an alphabet and a set of rules that are used to build formulas and
theorems (p. 7). a

1.2.6 Metatheorem.

CU(.T, 22) = {x : x is (¥, J2)-derivable within some number of steps, n}

Proof. For notational convenience let us write

T = {x : x is (7, 72)-derivable within some number of steps, n}.

As we know from elementary naive set theory, we need to show here both
Cl(.7,.72) € T and CI(7,.72) 2 T to settle the claim.

C: We do induction on CI(.7,.72) (using 1.2.3). Now .7 C T, since every
member of .7 is derivable in n = 1 step (why?).

 We are sailing too close to the wind here. It turns out that not all properties P(x) lead to sets
{x : P(x)}. Our explanation was naive. However, formal set theory, which is meant to save us
from our naiveté, upholds the principle (a)—(b) using just a slightly more complicated explanation.
The reader can see this explanation in Chapter VII.

 This “or” is inclusive: (1), or (2), or both.
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Also, T is closed under every Q in.%. Indeed, let such an (r + 1)-ary Q be
chosen. Let

O(ay,...,a;,b) )]
and {ai,...,a,} € T. Thus, each a; has a (7, .72)-derivation. Concatenate all
these derivations:

R S I £ & R

The above is a derivation (why?). But then, so is
R S T/ 7 S, S )

by (i). Thus, b € T.

D: We argue this — that is, if d € T, then d € CI(.7, .72) — by induction on
the number of steps, n, in which d is derivable.

For n = 1 we have d € .7 and we are done, since .7 C CI(7, .72).

Let us make the induction hypothesis (I.H.) that for derivations of < n steps
the claim is true.

Let then d be derivable within n 4 1 steps. Thus, there is a derivation
aip,...,a,,d.

Now, if d € .7, we are done as above (is this a “real case”?).

If on the other hand Q(aj,,...,aj ,d), then, for i=1,...,r, we have
aj, € CI(7,.72) by the L.H.; hence d € CI(.7, %), since the closure is closed
under all Q € .7. O

1.2.7 Example. One can see now that N = CI(.7, .%2), where .7 = {0} and .72
contains just the relation y = x 4 1 (input x, output y). Similarly, Z, the set
of all integers, is CI(.7, .72), where .7 = {0} and .72 contains just the relations
y=x+41land y = x — 1 (input x, output y).

For the latter, the inclusion CI(.7, .72) C Z is trivial (by 1.2.3). For D we eas-
ily see that any n € Z has a (.7, .72)-derivation (and then we are done by 1.2.6).
For example, if n > 0, then 0, 1, 2, ..., n is a derivation, while if n < 0, then
0,—1,-2,...,nisone. If n = 0, then the one-term sequence O is a derivation.

Another interesting closure is obtained by .7 = {3} and the two relations
z=x+4yand z =x — y. This is the set {3k : k € Z} (see Exercise I.1). O

Pause. So, taking the first sentence of 1.2.7 one step further, we note that we
have just proved the induction principle for N, for that is exactly what the
“equation” N = CI(.7, .%2) says (by 1.2.3). Do you agree?

There is another way to view the iterative construction of CI(.7, .72): The
set is constructed in stages. Below we are using some more notation borrowed
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from informal set theory. For any sets A and B we write A U B to indicate the
set union which consists of all the members found in A or B or in both. More
generally, if we have a lot of sets, Xy, X1, X», ..., that is, one X; for every
integer i > 0 — which we denote by the compact notation (X;);>o — then we
may wish to form a set that includes all the objects found as members all over
the X;, that is (using inclusive, or “logical”, “or’s below), form

{x:xeXporxe X,or...}
or, more elegantly and precisely,
{x :forsomei >0, x € X;}

The latter is called the union of the sequence (X;);>o and is often denoted by

UX,- or UXi

i>0 i>0

Correspondingly, we write

UX,' or UXZ

i<n i<n

if we only want to take a finite union, also indicated clumsily as XoU - - - U X,,.

1.2.8 Definition (Stages). In connection with C1(.7, .72) we define the sequence
of sets (X;);>o by induction on n, as follows:

Xo=97

X, = <U X;) U {b : for some Q € .72 and some 4, in UXi’ 0(a,, b)}

i<n i<n

That is, to form X, we append to | J;_,, X; all the outputs of all the relations
in .72 acting on all possible inputs, the latter taken from Uifn X;.
We say that X; is built at stage i, from initial objects .7 and rule set.72. 0O

In words, at stage 0 we are given the initial objects (Xo = .7). At stage 1 we
apply all possible relations to all possible objects that we have so far — they
form the set X — and build the first stage set, X, by appending the outputs to
what we have so far. At stage 2 we apply all possible relations to all possible
objects that we have so far — they form the set Xy U X — and build the second
stage set, X», by appending the outputs to what we have so far. And so on.
When we work in the metatheory, we take for granted that we can have
simple inductive definitions on natural numbers. The reader is familiar with
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several such definitions, e.g.,

a’® =1 (for a # 0 throughout)

an+1 —a-a"

We will (meta)prove a general theorem on the feasibility of recursive definitions
later on (1.2.13).

The following theorem connects stages and closures. @

1.2.9 Metatheorem. With the X; as in1.2.8,

7.2 =|_J X

i>0

Proof. C: We do induction on CI(.7, .72). For the basis, .7 = Xy C Uizo X;.

We show that | ;. , X; is.7-closed. Let Q € .2 and Q(dy, b) hold, for some
a, in J;-o X;. Thus, by definition of union, there are integers ji, jo,..., ja
such that a; € Xj.i=1,...,n.Ifk =max{ji,..., .}, thena, isin | J;,_, X;;
hence b € Xiy1 € ;-0 Xi-

i<k

D: It suffices to prove that X,, C CI(.7, .%2), a fact we can prove by induction
on n. For n = 0 it holds by 1.2.2. As an [.H. we assume the claim for all n < k.

The case for k + 1: X is the union of two sets. One is |, ., X;. This is
a subset of CI(.7, .72) by the 1.H. The other is

i<k

i<k

{b : for some Q € .% and some d in UXi’ 0O(a, b)}

This too is a subset of C1(.7, .%2), by the preceding observation and the fact that

CI(.7, .72) is .72-closed. O
@N.B. An inductively defined set can be built by stages. @
1.2.10 Definition (Immediate Predecessors; Ambiguity). If d € CI(7,.7%)
and for some Q and ay,...,a, it is the case that Q(ay, ..., a,, d), then the
ai,...,a, are immediate Q-predecessors of d, or just immediate predecessors

if Q is understood; for short, i.p.
A pair (7, .72) is called ambiguous if some d € CI(7,.72) satisfies any
(or all) of the following conditions:

(i) It has two (or more) distinct sets of immediate P-predecessors for some
rule P.
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(i1) It has both immediate P-predecessors and immediate Q-predecessors, for

P+0Q.

(iii) It is a member of .7, yet it has immediate predecessors.

If (7, .72) is not ambiguous, then it is unambiguous. O

1.2.11 Example. The pair ({00, 0}, {Q}), where Q(x, y, z) holds iff z = xy
(where “xy” denotes the concatenation of the strings x and y, in that order), is
ambiguous. For example, 0000 has the two immediate predecessor sets {00, 00}
and {0, 000}. Moreover, while 00 is an initial object, it does have immediate
predecessors — namely, the set {0, 0} (or, what amounts to the same thing, {0}).

O

1.2.12 Example. The pair (7, .72) where .7 = {3} and .7 consists of z = x + y
and z = x — y is ambiguous. Even 3 has (infinitely many) distinct sets of i.p.
(e.g., any {a, b} such thata + b =3,0ora — b = 3).

The pairs that effect the definition of Term (I.1.5) and WIf (I.1.8) are un-
ambiguous (see Exercises 1.2 and 1.3). O @

1.2.13 Metatheorem (Definition by Recursion). Let (7, .72) be unambiguous,
and CI(.7,.72) C A, where A is some set. Let also Y be a set, and" h : 7 — Y
and g ¢, for each Q € .7, be given functions. For any (r + 1)-ary Q, an input for
the function g is a sequence (a, by, ..., b,), wherea isin A andthe by, ..., b,
areallin Y. All the g yield outputs in 'Y .

Under these assumptions, there is a unique function f : CI(7, 2) — Y

such that
y = h(x) andx € T
, or, for some Q € .72,
_ 1
y f(X) l‘[f y:gQ(x,O],...,Or) and Q(aly"-aar’x) h()lds’ ( )

where 0; = f(a;) fori =1,...,r

@@ The reader may wish to skip the proof on first reading.

Proof. Existence part. For each (r 4+ 1)-ary Q € .72, define @ by!
O((ar, 01),.... (ar,0:), (b, go(b,01,...,0.)iff Q(ai.....a,.b) (2)
t The notation f : A — Biscommon in informal (and formal) mathematics. It denotes a function

f that receives “inputs” from the set A and yields “outputs” in the set B.
 Forarelation Q, writing just “Q(ay, . . ., ar, b)”isequivalent to writing “Q(ay, . . ., a,, b)holds”.
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For any ay,...,a,, b, the above definition of @ is effected for all possible
choices of 01, ..., o, such that go(b, 01, ..., 0,) is defined.

Collect now all the @ to form a set of rules .72.
Letalso.7 = {(x, h(x)) : x € 7).

We will verify that the set F' = Cl7, R)isa 2-ary relation that for every
input yields at most one output, and therefore is a function. For such a relation
it is customary to write, letting the context fend off the obvious ambiguity in
the use of the letter F,

y=F) iff F(x,y) ()

We will further verify that replacing f in (1) above by F results in a valid
equivalence (the “iff” holds). That is, F satisfies (1).

(a) We establish that F' is a relation composed of pairs (x, y) (x is input, y is
output) where x € CI(7,.%) and y € Y. This follows easily by induction
on F (1.2.3), since 7 € F, and the property (of containing such pairs)
propagates with each @ (recall that the g yield outputs in Y').

(b) We next show “if (x, y) € F and {(x,z) € F, then y = z” —that is, F is
single-valued, or well defined, in short, it is a function. We again employ
induction on F, thinking of the quoted statement as a “property” of the
pair (x, y): Suppose that (x,y) € 7 and let also (x,z) € F. By 1.2.6,

(x,z) € Z,0r O(lar, 01). ..., (ar, 0,), {x,2)), where Q(ay, . .., a,, x) and
z = golx,o01,...,0.), for some (r + 1)-ary Q and (ay, 01),..., (ar, 0;)

in F. The right hand side of the italicized “or” cannot hold for an un-
ambiguous (.7, %), since x cannot have i.p. Thus (x, z) € 7, hence y =
h(x) = z. To prove that the property propagates with each Q, let

-~

QWai, 01), ..., {ar, 0r), (x, y))
but also
P((b1,0}), ..., (b1, 0}), (x,2))
where Q(ay,...,a,, x), P(by,..., b, x), and
y=go(x,01,...,0,) and z=gp(x,0},...,0) 3)

Since (.7, .72) is unambiguous, Q = P (hence also @ = ﬁ), r =1, and
a; =b;, fori =1,...,r. By the LH, 0; = o, fori = 1,...,r; hence
y=2zby ().

@
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(c¢) Finally, we show that F satisfies (1). We do induction on Cl(.?', 7 ), to
prove «<—: If x € Y and y = h(x), then F(x,y) (i.e., y = F(x) in the
alternative notation (x)), since 7 C F.Letnexty = go(x,01,...,0,)
and Q(ay,...,a,, x), where also F(a;,0;), fori = 1,...,r. By (2),
@((al ,O1) s e e, (a,},\o,), (x,g0(x,01,..., 0,))); thus — F being closed un-
der all the rules in R — F'(x, go(b, 01, ..., 0,)) holds, in short, F(x, y) or
y = F(x). For —, now we assume that F'(x, y) holds and we want to infer
the right hand side (of iff) in (1). We employ Metatheorem 1.2.6.

Case 1. Let (x, y) be F-derivablef in n = 1 step. Then (x, y) € 7. Thus
y = h(x).

Case 2. Suppose next that (x, y) is F-derivable within n 4 1 steps, namely,
we have a derivation

(x17y1)1<x27y2>7"'7<xnvyn)1<xﬂy) (4)
where Q((a1, 01)..... (a,, 0,), (x.y)) and Q(a. ..., a, x) (see (2), and
each of (a, 01), ..., {(a,, o,) appears in the above derivation, to the left of

(x, y). This entails (by (2)) that y = go(x, 01,...,0,). Since the (g;, 0;)
appear in (4), F(a;,0;) holds for i = 1,...,r. Thus, (x, y) satisfies the
right hand side of iff in (1), once more.

Uniqueness part. Let the function K also satisfy (1). We show, by induction
on CI(.7, .72), that

forallx e CI(7, Z)andally € ¥, y=F)iffy=K(@x) ()

—: Letx € .7, and y = F(x). By lack of ambiguity, the case conditions
of (1) are mutually exclusive. Thus, it mustbe that y = h(x). Butthen, y = K(x)
as well, since K satisfies (1) too.

Let now Q(ay,...,a,,x) and y = F(x). By (1), there are (unique, as
we now know) oy, ..., o0, such that o; = F(aq;) fori = 1,...,r,and y =
go(x,01,...,0.). By the LH., 0; = K(a;). But then (1) yields y = K(x) as
well (since K satisfies (1)).

<—: Just interchange the letters F and K in the above argument. ]

The above clearly is valid for functions  and g that may fail to be defined
everywhere in their “natural” input sets. To be able to have this degree of
generality without having to state additional definitions (such as those of left
fields, right fields, partial functions, total functions, nontotal functions, and
Kleene weak equality) we have stated the recurrence (1) the way we did (to

t Cl(.7, (%)-derivable.
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keep an eye on both the input and output side of things) rather than the usual
h(x) ifx e 7
golx, flar),..., fa)) if Q(ai,...,a, x)holds,

Of course, if all the g and & are defined everywhere on their input sets (i.e.,
they are “total”), then f is defined everywhere on C1(.7, .%) (see Exercise 1.4). @@

f(x)={

1.3. Axioms and Rules of Inference

Now that we have our language L, we will embark on using it to formally
effect deductions. These deductions start at the axioms. Deductions employ
“acceptable”, purely syntactic — i.e., based on form, not on substance — rules
that allow us to write a formula down (to deduce it) solely because certain other
formulas that are syntactically related to it were already deduced (i.e., already
written down). These string-manipulation rules are called rules of inference.
We describe in this section the axioms and the rules of inference that we will
accept into our logical calculus and that are common to all theories.

We start with a precise definition of tautologies in our first order language L.

L.3.1 Definition (Prime Formulas in Wff. Propositional Variables). A for-
mula .72 € WIf is a prime formula or a propositional variable iff it is either

Pril. atomic or
Pri2. a formula of the form ((3x). 7).

We use the lowercase letters p, g, r (with or without subscripts or primes) to
denote arbitrary prime formulas (propositional variables) of our language. O

That is, a prime formula either has no propositional connectives, or if it does,
it hides them inside the scope of (Ix).

We may think of a propositional variable as a “blob of ink” that is all that a
myopic being makes out of a formula described in 1.3.1. The same being will
see an arbitrary well-formed formula as a bunch of blobs, brackets and Boolean
connectives (—, V), “correctly connected” as stipulated below. @

1.3.2 Definition (Propositional Formulas). The set of propositional formulas
over 7, denoted here by Prop, is the smallest set such that:

(1) Every propositional variable (over 7”) is in Prop.

(2) If Z and .% are in Prop, then so are (—A) and (.7 V .%). O

t Interestingly, our myope can see the brackets and the Boolean connectives.
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1.3.3 Metatheorem. Prop = WIf.

Proof. <: We do induction on Prop. Every item in 1.3.2(1) is in Wff. W{f
satisfies 1.3.2(2) (see 1.1.8(b)). Done.

D: We do induction on WIf. Every item in I.1.8(a) is a propositional variable
(over 77), and hence is in Prop.

Prop trivially satisfies I1.1.8(b). It also satisfies I.1.8(c), for if .Z is in Prop,
then it is in WfF by the C-direction above. Then, by 1.3.1, ((3x).Z) is a propo-
sitional variable, and hence in Prop.

We are done once more. O

1.3.4 Definition (Propositional Valuations). We can arbitrarily assign a value
of 0 or 1 to every .Z in WEf (or Prop) as follows:

(1) We fix an assignment of O or 1 to every prime formula. We can think of this
as an arbitrary but fixed function v : {all prime formulas over L} — {0, 1}
in the metatheory.

(2) We define by recursion an extension of v, denoted by v:

v(—.2)) =1—0(7)
(AN B)) = 0(A) - 0(5)

[T

where “”” above denotes number multiplication.

We call, traditionally, the values O and 1 by the names “true” and “false”
respectively, and write t and f respectively.

We also call a valuation v a truth (value) assignment.

We use the jargon “ 7 takes the truth value t (respectively, f) under a valu-
ation v” to mean “v(.7) = 0 (respectively, v(.7) = 1)”. O

The above inductive definition of v relies on the fact that Definition 1.3.2 of
Prop is unambiguous (1.2.10, p. 25), so that a propositional formula is uniguely
readable (or parsable) (see Exercises 1.5 and 1.6). It employs the metatheorem
on recursive definitions (1.2.13).

The reader may think that all this about unique readability is just an annoying
quibble. Actually it can be a matter of life or death. The ancient Oracle of
Delphi had the nasty habit of issuing ambiguous — not uniquely readable, that
is — pronouncements. One famous such pronouncement, rendered in English,
went like this: “You will go you will return not dying in the war”." Given that

T The original was “I£gic apiéeic ov OvnEeic eV ToOAEU @,
L
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ancient Greeks did not use punctuation, the above has two diametrically opposite
meanings depending on whether you put a comma before or after “not”.

The situation with formulas in Prop would have been as disastrous in the
absence of brackets — which serve as punctuation — because unique readability
would then not be guaranteed: For example, for three distinct prime formulas
P, q,rwecouldfindawv suchthatv(p — g — r)depended on whether we meant
to insert brackets around “p — ¢” or around “g — r”’ (can you find such a v?). @

L.3.5 Remark (Truth Tables). Definition 1.3.4 is often given in terms of truth
functions. For example, we could have defined (in the metatheory, of course)
the function F_, : {t, f} — {t, f} by

t ifx=f

Fﬁ(x):{f ifx =t

We could then say that 7((—.%)) = F-(9(.Z)). One can similarly take care of
all the connectives (V and all the abbreviations) with the help of truth functions
F,, Fn, F_,, F.,. These functions are conveniently given via so-called truth
tables as indicated below:

v v Fo | Rey | Fey | Faeoy | Foey ]
f f t f f t t
f t t t f t f
t f f t f f f
t t f t t t t

O

4

1.3.6 Definition (Tautologies, Satisfiable Formulas, Unsatisfiable Formulas
in WIf). A formula.Z € WIf (equivalently, in Prop) is a tautology iff for all
valuations v, 0(.7) = t.

We call the set of all tautologies, as defined here, Taut. The symbol =rayt -2
says “. is in Taut”.

A formula .72 € WIf (equivalently, in Prop) is satisfiable iff for some
valuation v, v(_4) = t. We say that v satisfies . 2.

A set of formulas I' is satisfiable iff for some valuation v, v(.2) = t for
every .7 in I'. We say that v satisfies T.
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A formula .72 € WIf (equivalently, in Prop) is unsatisfiable ift for all
valuations v, (.7) = f. A set of formulas I" is unsatisfiable iff for all valuations
v, U(%) = ffor some . Z inT. O

“Satisfiable” and “unsatisfiable” are terms introduced here in the propositional
or Boolean sense. These terms have a more complicated meaning when we
decide to “see” the object variables and quantifiers that occur in formulas.

1.3.7 Definition (Tautologically Implies, for Formulas in Wff). Let .7 and
I" be respectively any formula and any set of formulas (over L). The symbol
I' Etaut -7, pronounced “T tautologically implies .-7”, means that every truth
assignment v that satisfies I" also satisfies . 2. O

We have at once

L3.8 Lemma.! I' |=qy .2 iff T U {—.7Z} is unsatisfiable (in the propositional
sense).

IfT = @, then T’ =que -7 says just F=maut -2, since the hypothesis “every truth
assignment v that satisfies I'”’, in the definition above, is vacuously satisfied.
For that reason we almost never write ) F=raut -2 and write instead =raut . 2.

1.3.9 Exercise. For any formula .7 and any two valuations v and v', 1(.#%) =
v/(.#) if v and v’ agree on all the propositional variables that occur in . 2.

In the same manner, I' =y -7 is oblivious to v-variations that do not
affect the variables that occur in I and . #Z (see Exercise 1.7). a

Before presenting the axioms, we need to introduce the concept of sub-
stitution.

1.3.10 Tentative Definition (Substitution of a Term for a Variable). Let. 72
be a formula, x an (object) variable, and ¢ a term.

7 [x <« t] denotes the result of “replacing” all free occurrences of x in .2
by the term #, provided no variable of t was “captured” (by a quantifier) during

T The word “lemma” has Greek origin, “A#juua”, plural “lemmata” — many people say “lemmas” —
from “Afpupata”. It derives from the verb “Aapfave” (to take) and thus means “taken thing”.
In mathematical reasoning a lemma is a provable auxiliary statement that is faken and used as
a stepping stone in lengthy mathematical arguments — invoked therein by name, as in “... by
Lemma such and such . . . ” —much as subroutines (or procedures) are taken and used as auxiliary
stepping stones to elucidate lengthy computer programs. Thus our purpose in having lemmata is
to shorten proofs by breaking them up into modules.

4

4

4
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substitution. If the proviso is valid, then we say that “z is substitutable for x
(in.2)”, or that “t is free for x (in .72)”.
If the proviso is not valid, then the substitution is undefined. O

1.3.11 Remark. There are a number of issues about Definition 1.3.10 that need
discussion or clarification.

Any reasonable person will be satisfied with the above definition “as is”.
However, there are some obscure points (deliberately quoted, above).

(1) What is this about “capture”? Well, suppose that .Z = (Ix)—x = y. Let
t = x." Then, if we ignore the provison in 1.3.10, .Z[y <« t] = (Ix)—x =
x, which says something altogether different than the original. Intuitively,
this is unexpected (and undesirable): .Z codes a statement about the free
variable y, i.e., a statement about all objects which could be values (or
meanings) of y. One would have expected that, in particular, . Z[y < x]—
if the substitution were allowed — would make this very same statement
about the values of x. It does not.* What happened is that x was captured
by the quantifier upon substitution, thus distorting .Z’s original meaning.

(2) Are we sure that the term “replace” is mathematically precise?

(3) Is Z[x <« t] always a formula, if .7 is?

A revisitation of 1.3.10 via an inductive definition (by induction on terms
and formulas) settles (1)—(3) at once (in particular, the intuitive terms “replace”
and “capture” do not appear in the inductive definition). Here it goes:

First off, let us define s[x <—¢], where s is also a term, by cases:

t ifs =x

a if s = a, a constant
slx < t] = (symbol)

y if s = y, a variable # x

frilx < tln[x < t]...rx<t] ifs= fri...r,

Pause. Iss[x < ¢]always a term? That this is so follows directly by induction
on terms, using the definition by cases above and the I.H. that each of r; [x < ¢],
i=1,...,n,isaterm.

f Recall that in 1.1.4 (p. 13) we defined the symbol “=" to be equality on strings. No further
reminders will be issued.

¥ And that is why the substitution is not allowed. The original formula says that for any object y
there is an object that is different from it. On the other hand, . Z[y < x] says that there is an
object that is different from itself.
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We turn now to formulas. The symbols P, r, s (with or without subscripts)
below denote a predicate of arity n, a term and a term (respectively).

slx < t] =r[x < t] ifAZ2=s=r
Prilx < tlnx <«t]...rpx<~t] if 42 =Pr...r,
(Llx <]V Z[x < t]) if Z=(HVvZ5)
(=(Z[x « 1)) if # = (%)
Ax —t=1.7 if Z = ((3y).%) and
y=x
((Ely)(.%’[x <~ t])) if Z = ((3y).%) and
y # x and y does
not occur in ¢

In all cases above, the left hand side is defined iff the right hand side is.

Pause. We have eliminated “replaces” and “captured”. Is though . Z[x <« t] a
formula (whenever it is defined)? (See Exercise 1.8.) O @

1.3.12 Definition (Simultaneous Substitution). The symbols. Z[y1,..., y, <
t1,..., L] or, equivalently, . Z[y, <« f.] — where v, is an abbreviation of
Yi,..., Y, — denote simultaneous substitution of the terms tq, ..., . into the
variables y1, .. ., y, in the following sense: Let 7, be variables that do not occur
at all (either as free or bound) in either . Z or 7.. Then .7 [y, < 7.] is short for

55[)’1 <_Zl]'~~[yr <_Zr][zl < tl]”'[zr <_tr] (1)
O

Exercise 1.9 shows that we obtain the same string in (1) above, regardless of
our choice of new variables Z,.

More conventions: The symbol [x <« 7] lies in the metalanguage. This
metasymbol has the highest priority, so that, e.g., .7 vV .Z[x <« t] means
AN (Bx < t]), @x).B[x < t] means (Ix)(L[x <« t]), etc.

We often write . Z[yy, ..., y,], rather than the terse . Z, in order to convey
our interest in the free variables yy, .. ., y, that may or may not actually appear

free in 7. Other variables, not mentioned in the notation, may also be free in
7 (see also I.1.11).
In this context, if ty, . .., t, are terms, the symbol .Z[fq, ..., t,] abbreviates

ALY < 1], @

We are ready to introduce the (logical) axioms and rules of inference.
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Schemata.! Some of the axioms below will actually be schemata. A formula
schema, or formula form, is a string & of the metalanguage that contains syn-
tactic variables (or metavariables), such as .7, P, f,a,t, x.

Whenever we replace all these syntactic variables that occur in & by speci-
fic formulas, predicates, functions, constants, terms, or variables respectively,
we obtain a specific well-formed formula, a so-called instance of the schema.
For example, an instance of (3x)x = a is (Jviz)v;; = 0 (in the language of
Peano arithmetic). An instance of .2 — .Z is vig; = V114 — Vi1 = Vi14.

1.3.13 Definition (Axioms and Axiom Schemata). The logical axioms are all
the formulas in the group Ax1 and all the possible instances of the schemata in
the remaining groups:

Ax1. All formulas in Taut.
AXx2. (Substitution axiom. Schema)

Alx <~ t] — @x). A~ for any term ¢.
By 1.3.10-1.3.11, the notation already imposes a condition on ¢, that it is sub-

stitutable for x.

N.B. We often see the above written as
At] = @x) 2[x]
or even

Alt] = @x). 4

Ax3. (Schema) For each object variable x, the formula x = x.
Axd4. (Leibniz’s characterization of equality — first order version. Schema) For
any formula . Z, object variable x, and any terms ¢ and s, the formula

t=s5—> (Ax < t] < A[x < 5]
N.B. The above is written usually as
t =5 — (AZ[t] < A[s])
as long as we remember that the notation already requires that ¢ and s be free

for x. We will denote the above set of logical axioms A. O

T Plural of schema. This is of Greek origin, o x e, meaning — e.g., in geometry — figure or
configuration or even formation.

4

4
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@ The logical axioms for equality are not the strongest possible, but they are
adequate for the job. What Leibniz really proposed was the schema t = 5 <
(YP)(P[t] < P[s]), which says, intuitively, that “two objects ¢ and s are equal
iff, for every property P, both have P or neither has P”.

Unfortunately, our system of notation (first-order language) does not allow
quantification over predicate symbols (which can have as “values” arbitrary
“properties”). But is not Ax4 read “for all formulas . Z2” anyway? Yes, but with
one qualification: “For all formulas . Z that we can write down in our system of
notation”, and, alas, we cannot write all possible formulas of real mathematics
down, because they are too many.f

While the symbol “="is suggestive of equality, it is not its shape that qual-
ifies it. It is the two axioms, Ax3 and Ax4, that make the symbol behave as we
expect equality to behave, and any other symbol of any other shape (e.g.,
Enderton (1972) uses “X”) satisfying these two axioms qualifies as formal
equality that is intended to codify the metamathematical standard “=". @@

1.3.14 Remark. In Ax2 and Ax4 we imposed the condition that ¢ (and s) must
be substitutable in x. Here is why:

Take . # to stand for (Vy)x = y and .% to stand for (3y)—x = y. Then, tem-
porarily suspending the restriction on substitutability, #[x < y] — (3x).Zis

Vy)y=y—> E)Vyx =y
andx =y — (£ < Plx < y])is
x=y— (@)x=y< @y-y=y)

neither of which, obviously, is “valid”.}

There is a remedy in the metamathematics: That is, move the quantified
variable(s) out of harm’s way, by renaming them so that no quantified variable
in .7 has the same name as any (free, of course) variable in ¢ (or s).

This renaming is formally correct (i.e., it does not change the meaning of
the formula) as we will see in the variant (meta)theorem 1.4.13. Of course,
it is always possible to effect this renaming, since we have countably many
variables, and only finitely many appear free in ¢ (and s) and . 2.

T Uncountably many, in a precise technical sense that we will introduce in Chapter VII. This is
due to Cantor’s theorem, which implies that there are uncountably many subsets of N. Each such
subset A, gives rise to the formula, x € A, in the metalanguage.

On the other hand, our formal system of notation, using just € and U as start-up (nonlogical)
symbols, is not rich enough to write down but a countably infinite set of formulas (at some point
later, Example VII.5.17, this will be clear). Thus, our notation will fail to denote uncountably
many “real formulas” x € A.

¥ Speaking intuitively is enough for now. Validity will be defined carefully pretty soon.
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This trivial remedy allows us to render the conditions in Ax2 and Ax4
harmless. Essentially, a ¢ (or s) is always substitutable after renaming. O

1.3.15 Definition (Rules of Inference). The following two are the only primi-
tive' rules of inference. These rules are relations with inputs from the set WEf
and outputs also in WFf. They are written down, traditionally, as “fractions”
through the employment of syntactic (or meta-) variables. We call the “numer-
ator” the premise(s) and the “denominator” the conclusion.

We say that a rule of inference is applied to any instance of the formula
schema(ta) in the numerator, and that it yields (or results in) the corresponding
instancet of the formula schema in the denominator.

Infl. Modus ponens, or MP, is the rule
Inf2. 3-introduction — pronounced E-introduction — is the rule
A —> B

that is applicable if a side condition is met: That x is not free in .77 .

N.B. Recall the conventions on eliminating brackets. O

It is immediately clear that the definition above meets our requirement that the
rules of inference be “algorithmic”, in the sense that whether they are applicable
can be decided and their application can be carried out in a finite number of
steps by just looking at the form of (potential input) formulas (not at their
meaning).

We next define I'-theorems, that is, formulas we can prove from the set of
formulas I" (this I may be empty).

1.3.16 Definition (I"-Theorems). The set of I'-theorems, Thmr, is the least
inclusive subset of WIF that satisfies

Thl. A C Thmr (see 1.3.13).
Th2. T € Thmr. We call every member of I' a nonlogical axiom.
Th3. Thmr is closed under each rule Inf1-Inf2.

t That is, given initially. Other rules can be proved to hold, and we call them derived rules.

f The corresponding instance is the one obtained from the schema in the denominator by replac-
ing each of its metavariables by the same specific formula, or term, used to instantiate all the
occurrences of the same metavariable in the numerator.
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The metalinguistic statement .4 € Thmr is traditionally written as I" - .72,
and we say that .7 is proved from T or that it is a I"-theorem.
We also say that .7 is deduced from T, or that T" deduces . 7.

If I' = @, then rather than - .Z we write - .-Z. We often say in this case
that .7 is absolutely provable (or provable with no nonlogical axioms).

We often write .2, .%,..., Y &+ & for {2, %,..., T} &. O

1.3.17 Definition (I"-Proofs). We just saw that Thmr = CI(.7, .%2), where .7 =
A UT and .7 contains just the two rules of inference. A (.7, .72)-derivation is
also called a I"-proof (or just proof, if I is understood). O

1.3.18 Remark. (1)Itis clear thatifeachof.Z,,...,.Z, A hasaI'-proof and %
hasan{ Z,,...,.7,}-proof, then.” has a I'-proof. Indeed, simply concatenate
each of the given I'-proofs (in any sequence). Append to the right of that
sequence the given {.Z, ..., ., }-proof (that ends with .%7). Then the entire
sequence is a ['-proof, and ends with .%.

We refer to this phenomenon as the transitivity of .

Very important. Transitivity of - allows one to invoke previously proved
(by oneself or others) theorems in the course of a proof. Thus, practically, a
I'-proof is a sequence of formulas in which each formula is an axiom, is a
known I'-theorem, or is obtained by applying a rule of inference to previous
formulas of the sequence.

)T’ € AandT .7, thenalso A .7, as follows from 1.3.16 or 1.3.17.
In particular, - .7 implies I' - .7 for any I'.
(3) It is immediate from the definitions that for any formulas . Z and .7,

Ay A —> BB @)

and, if, moreover, x is not free in .7,
A —> B @x)A —> B (ii)
Some texts (e.g., Schiitte (1977)) give the rules in the format of (i)—(ii) above.

"®

The axioms and rules provide us with a calculus, that is, a means to “calcu-
late” (used synonymously with construct) proofs and theorems. In the interest
of making the calculus more user-friendly — and thus more easily applicable to

mathematical theories of interest, such as set theory — we are going to develop in
the next section a number of “derived principles”. These principles are largely
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of the form .2, ..., 4, = 7. We call such a (provable in the metatheory)
principle a derived rule of inference, since, by transitivity of -, it can be used
as a proof step in a I'-proof. By contrast, the rules Inf1-Inf2 are “primitive”
(or “basic” or “primary”); they are given outright.

We can now fix our understanding of the concept of a formal or mathematical
theory.

A (first order) formal (mathematical) theory, or just theory over a language
L, or just theory, is a tuple (of “ingredients”) ¥ = (L, A,1,.77), where L is a
first order language, A is a set of logical axioms, 1 is a set of rules of inference,
and .7 a non-empty subset of WIf that is required to contain A (i.e., A €.7)
and be closed under the rules 1.

Equivalently, one may simply require that.7” be closed under -, that is,
forany I' € .7 and any formula . Z, ifT’'+._#,then. 7 €.7.
This is, furthermore, equivalent to requiring that
Aes iff T A 1)

Indeed, the if direction follows from closure under -, while the only-if
direction is a consequence of Definition 1.3.16.

.7 is the set of the formulas of the theory,! and we often say “a theory .7 ”,
taking everything else for granted.

If .7~ = WIT, then the theory ¥ is called inconsistent or contradictory.
Otherwise it is called consistent.

Throughout our exposition we fix A and 1 as in Definitions 1.3.13 and 1.3.15.
By (1),.7” = Thm. This observation suggests that we call theories — such as
the ones we have just defined — axiomatic theories, in that a set I" always exists
such that.7” = Thmr (if at a loss, we can just take ' =.7).

We are mostly interested in theories T for which there is a “small” set I"
(“small” by comparison with .7") such that .7~ = Thmr. We say that ¥ is
axiomatized by T'. Naturally, we call .7 the set of theorems, and I' the set of
nonlogical axioms, of T.

If, moreover, I is “recognizable” (i.e., we can tell “algorithmically” whether
or not a formula . Z is in "), then we say that ¥ is recursively axiomatized.

Examples of recursively axiomatized theories are ZFC set theory and Peano
arithmetic. On the other hand, if we take .7 to be all the sentences of arithmetic

 As opposed to “of the language”, which is all of WIF.
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that are true when interpreted “in the standard way”t over N — the so-called
complete arithmetic — then there is no recognizable I' such that.7” = Thmr.
We say that complete arithmetic is not recursively axiomatizable.*

Pause. Why does complete arithmetic form a theory? Because work of the next
section — in particular, the soundness theorem — entails that it is closed under .

We tend to further abuse language and call axiomatic theories by the name
of their (set of) nonlogical axioms I'. Thus if ¥ = (L, A, I,.77) is a first order
theory and .7~ = Thmr, then we may say interchangeably “theory T”, “theory
77, or “theory I'”.

If ' = @, then we have a pure or absolute theory (i.e., we are “just doing
logic, not math”). If I" # ¢ then we have an applied theory. @

Argot. A final note on language versus metalanguage, and theory versus meta-
theory. When are we speaking the metalanguage, and when are we speaking
the formal language?

The answers are, respectively, “almost always” and “almost never”. As has
been remarked before, in principle, we are speaking the formal language exactly
when we are pronouncing or writing down a string from Term or W{f. Otherwise
we are (speaking or writing) in the metalanguage. It appears that we (and
everybody else who has written a book in logic or set theory) are speaking and
writing within the metalanguage with a frequency approaching 100%.

The formalist is clever enough to simplify notation at all times. We will
seldom be caught writing down a member of WIf in this book, and, on the rare
occasions we may do so, it will only be to serve as an illustration of why one
should avoid writing down such formulas: because they are too long and hard
to read and understand.

We will be speaking the formal language with a heavy “accent” and using
many idioms borrowed from “real” (meta-) mathematics, and English. We will
call our dialect argot, following Manin (1977).

A related, and practically more important,’ question is “When are we arguing
in the theory, and when are we arguing in the metatheory?”. That is, the question
is not about how we speak, but about what we are saying when we speak.

T That is, the symbol “0” of the language is interpreted as 0 € N, “Sx” as x + 1, “(3x)” as “there
isan x € N”, etc.

 The trivial “solution”, that is, taking I' = .7, will not do, for .7 is not recognizable.

§ Important, because arguing in the theory restricts us to use only its axioms (and earlier proved
theorems; cf. 1.3.18) and its rules of inference — nothing extraneous to these syntactic tools is
allowed.
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The answer to this is also easy: Once we have fixed a theory ¥ and the
nonlogical axioms I', we are working in the theory iff we are writing down a
(T"-) proof of some specific formula . Z. It does not matter if . Z (and much of
the what we write down during the proof) is in argot.

Two examples:

(1) One is working in formal number theory (or formal arithmetic) if one states
and proves (say, from the Peano axioms) that “every natural number n > 1
has a prime factor”. Note how this theorem is stated in argot. Below we
give its translation into the formal language of arithmetic:t

(Vn)(S0 <n — A0)@y)(n=x x y A W
SO<x A(Vm)(Vr)(x =m ><r—>m:SOVm:x)))

(2) One is working in formal logic if one is writing a proof of (Jv3)vi3 = vy3.

Suppose though that our activity consists of effecting definitions, introduc-
ing axioms, or analyzing the behaviour or capability of ¥, e.g., proving some
derivedrule .7, ..., 7, = % —that s, a theorem schema — or investigating
consistency,’ or relative consistency.? Then we are operating in the metatheory,
that is, in “real” mathematics.

@@ One of the most important problems posed in the metatheory is
“Given a theory ¥ and a formula . Z. Is .7 a theorem of ?”

This is Hilbert’s Entscheidungsproblem, or decision problem. Hilbert believed
that every recursively axiomatized theory ought to admit a “general” solution,
by more or less “mechanical means”, to its decision problem. The techniques
of Gddel and the insight of Church showed that this problem is, in general,
algorithmically unsolvable.

As we have already stated, metamathematics exists outside and indepen-
dently of our effort to build this or that formal system. All its methods are — in
principle — available to us for use in the analysis of the behaviour of a formal
system.

T Well, almost. In the interest of brevity, all the variable names used in the displayed formula (1)
are metasymbols.

! That is, whether or not.7 = WIf.

§ That is, “if " is consistent,” — where we are naming the theory by its nonlogical axioms — “does
it stay so after we have added some formula .Z as a nonlogical axiom?”.
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Pause. But how much of real mathematics are we allowed to use, reliably, to
study or speak about the “simulator” that the formal system is?"

For example, have we not overstepped our license by using induction (and,
implicitly, the entire infinite set N), specifically the recursive definitions of
terms, well-formed formulas, theorems, etc.?

The quibble here is largely “political”. Some people argue (a major proponent
of this was Hilbert) as follows: Formal mathematics was meant to crank out
“true” statements of mathematics, but no “false” ones, and this freedom of
contradiction ought to be verifiable.

Now, as we are verifying so in the metatheory (i.e., outside the formal sys-
tem), shouldn’t the metatheory itself be above suspicion (of contradiction, that
is)? Naturally.

Hilbert’s suggestion towards achieving this “above suspicion” status was,
essentially, to utilize in the metatheory only a small fragment of “reality” that
is so simple and close to intuition that it does not need itself any “certificate”
(via formalization) for its freedom from contradiction.

In other words, restrict the metamathematics!*

Such a fragment of the metatheory, he said, should have nothing to do with
the “infinite”, in particular with the entire set N and all that it entails (e.g.,
inductive definitions and proofs).’

If it were not for Godel’s incompleteness results, this position — that meta-
mathematical techniques must be finitary — might have prevailed. However,
Godel proved it to be futile, and most mathematicians have learnt to feel com-
fortable with infinitary metamathematical techniques, or at least with N and
induction.’ Of course, it would be imprudent to use as metamathematical tools
mathematics of suspect consistency (e.g., the full naive theory of sets).

—

The methods or scope of the metamathematics that a logician uses — in the investigation of some
formal system — are often restricted for technical or philosophical reasons.

-+

Otherwise we would need to formalize the metamathematics — in order to “certify” it — and
next the metametamathematics, and so on. For if “metaM” is to authoritatively check “M” for
consistency, then it too must be consistent; so let us formalize “metaM” and let “metametaM”

check it; ... —a never ending story.
§ See Hilbert and Bernays (1968, pp. 21-29) for an elaborate scheme that constructs “concrete
number objects” — Ziffern or “numerals” — “|”,*“||”,“|||”, etc., that stand for “17,°2”,“3”, etc.,

complete with a “concrete mathematical induction” proof technique on these objects, and even
the beginnings of their “recursion theory”. Of course, at any point, only finite sets of such objects
were considered.

¥ Some proponents of infinitary techniques in metamathematics have used very strong words in
describing the failure of Hilbert’s program. Rasiowa and Sikorski (1963) write in their intro-
duction: “However Godel’s results exposed the fiasco of Hilbert’s finitistic methods as far as
consistency is concerned.”
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It is worth pointing out that one could fit (with some effort) our inductive
definitions within Hilbert’s style. But we will not do so.

First, one would have to abandon the elegant (and now widely used) approach
with closures, and use instead the concept of derivations of Section 1.2.

Then one would somehow have to effect and study derivations without the
benefit of the entire set N. Bourbaki (1966b, p. 15) does so with his construc-
tions formatives. Hermes (1973) is another author who does so, with his “term-"
and “formula-calculi” (such calculi being, essentially, finite descriptions of
derivations).

Bourbaki (but not Hermes) avoids induction over all of N. In his metamath-
ematical discussions of terms and formulas' that are derived by a derivation
di,...,d,, he restricts his induction arguments to the segment {0, 1,..., n},
that is, he takes an I.H. on k < n and proceeds to k + 1. @@

I.4. Basic Metatheorems

We are dealing with an arbitrary theory ¥ = (L, A,1,.77), such that A is the
set of logical axioms 1.3.13 and I are the inference rules 1.3.15. We also let I
be an appropriate set of nonlogical axioms, i.e.,.7 = Thmr.

1.4.1 Metatheorem (Post’s “Extended” Tautology Theorem). If .7,,...,
A Etant D then A, ..., 4, = D.

Proof. The assumption yields that

Frtu A, — - —> A, > B @))]
Thus — since the formula in (1) is in A, and using Definition 1.3.16,
Ao A A= > A= T 2)
Applying modus ponens to (2), n times, we deduce .%. O
@1.4.1 is an omnipresent derived rule. @

L4.2 Definition. .Z and . are provably equivalent in ¥ means that '

1.4.3 Metatheorem. Any two theorems .7 and % of ¥ are provably equiva-
lent in X.

 For example, in loc. cit., p. 18, where he proves that, in our notation, . Z [x <— y] and ¢[x < y]
are a formula and term respectively.
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Proof. By 141, T + .7 yields ' + .%# — _#. Similarly, ' -+ .2 — %
follows from I' - .%. One more application of I.4.1 yields ' - .72 < .#. O

@I— —x = x < —y = y (why?), but neither —x = x nor —y = y is a -theorem. @

1.4.4 Remark (Hilbert Style Proofs). In practice we write proofs “vertically”,
that is, as numbered vertical sequences (or lists) of formulas. The numbering
helps the annotational comments that we insert to the right of each formula that
we list, as the following proof demonstrates.

A metatheorem admits a metaproof, strictly speaking. The following is a
derived rule (or theorem schema) and thus belongs to the metatheory (and so
does its proof).

Another point of view is possible, however: The syntactic symbols x, .7,
and .% below stand for a specific variable and specific formulas that we just
forgot to write down explicitly. Then one can think of the proof as a (formal)
Hilbert style proof. O @

1.4.5 Metatheorem (V-Introduction — Pronounced A-Introduction). If x
does not occur free in A4, then A4 — B+ A4 — (Nx).2.

Proof.
n A -7 given
2) =B —> A (1)and I.4.1
B) @x)~FB —> =42 (2) and J-introduction
4 A — —-3x)~FB (3)and 1.4.1
b5 A - V)7 (4), introducing the V-abbreviation

g

L1.4.6 Metatheorem (Specialization). For any formula .7 and term t,
F (Vx).Z — Alt].

At this point, the reader may want to review our abbreviation conventions; in

particular, see Ax2 (1.3.13). @
Proof.

(1) = A[t] - @x)—~ in A

Q) —=@x)= A~ — A2[t] (1) and L.4.1

(3) (Vx).4 — Alt] (2), introducing the V-abbreviation
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1.4.7 Corollary. For any formula .7, (Vx).Z2 — A.
Proof. AZ[x < x]=.7. O
Pause. Why is. Z[x < x] the same string as . Z?

1.4.8 Metatheorem (Generalization). Forany I" and any .4, if U & 47, then
I F (Vx)A.

Proof. Choose y # x. Then we continue any given proof of .-Z (from I') as

follows:
) 2 proved from I
2 y=y—> .7 (1)and I.4.1
B y=y—> (Wx).7 (2) and V-introduction
@ y=y in A
B) (vx).72 (3), (4) and MP
O
1.4.9 Corollary. Forany T’ and any .2, T &= 7 iff T = (¥Vx). 4.
Proof. By 1.4.7,1.4.8, and modus ponens. O

L1.4.10 Corollary. For any %, 4\ (Vx).% and (Nx). 42 & A

The above corollary motivates the following definition. It also justifies the
common mathematical practice of the “implied universal quantifier”. That is,

i)

we often just state “...x...” when we mean “(Vx)...x...”.

1.4.11 Definition (Universal Closure). Letyy, ..., y, be thelist of all free vari-
ables of . Z. The universal closure of .7 is the formula (Vy)(Vy,) - - - (Yy,). 2 —
often written more simply as (Vy1y, ... y,).Z or even (Vy,). 2. O

@By 1.4.10, a formula deduces and is deduced by its universal closure. @

Pause. We said the universal closure. Hopefully, the remark immediately above
is robust to permutation of (Vy)(Vyz) - - - (Yyy,). Is it? (Exercise 1.10.)

L1.4.12 Corollary (Substitution of Terms). . Z[xy,...,x,] = .Z[t,..., t,]
for any terms t1, ..., t,.

@The reader may wish to review 1.3.12 and the remark following it. @
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Proof. We illustrate the proof for n = 2. What makes it interesting is the re-
quirement to have “simultaneous substitution”. To that end we first substitute
into x; and x, new variables z, w — i.e., not occurring in either .-Z or in the ¢,.
The proof is the following sequence. Comments justify, in each case, the pres-
ence of the formula immediately to the left by virtue of the presence of the
immediately preceding formula:

A x1, x2] starting point
(Vx1) . A4[x1, x2] generalization
Az, x2] specialization; x; < z
(Vx2). 42z, x2] generalization
Az, w] specialization; x; < w

Now z <11, w < 1, in any order, is the same as simultaneous substitu-
tion 1.3.12:

V2). 2z, w] generalization
A, w] specialization; 7 < #
Yw). 2 [t, w] generalization
A, 1] specialization; w < 1,

O

1.4.13 Metatheorem (Variant, or Dummy, Renaming). For any formula
(3x). 2, ifz doesnotoccur in it (i.e., is neither free nor bound), thent= (Ix). 7 <
(Fz). 2Z[x <« z].

We often write this (under the stated conditions) as - (3x). Z[x] <> (Fz).2[z].
By the way, another way to state the conditions is “if z does not occur in . #
(i.e., is neither free nor bound in .%), and is different from x”. Of course, if
Z = x, then there is nothing to prove. @

Proof. Since z is substitutable in x under the stated conditions, . Z[x < z] is
defined. Thus, by Ax2,
F Ax<z]— 3x).~
By J-introduction — since z is not free in (3x).Z — we also have
F (3z2). Z[x<«z]— (Ax).~Z €))

We note that x is not free in (3z). Z[x<z] and is free for z in .Z[x < z].
Indeed, . Z[x < z][z< x] = .#. Thus, by Ax2,

. 42— 3z7). 4[x<z]
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Hence, by 3-introduction

F (3x).7Z — (Az). 2 [x <« z] 2)
Tautological implication from (1) and (2) concludes the argument. O

Why is .Z[x <« z][z< x] = .4? We can see this by induction on .-Z (recall
that z occurs as neither free nor bound in . %).

If .7 is atomic, then the claim is trivial. The claim also clearly “propagates”
with the propositional formation rules, that is, I.1.8(b).

Consider then the case that .Z = (Jw).%. Note that w = x is possible
under our assumptions, but w = z is not. If w = x, then .Z[x<«z] = .Z; in
particular, z is not free in .Z; hence .7 [x < z][z< x] = .Z as well.

So let us work with w # x. By the LH., Z[x <« z][z< x] = .%. Now

Ax<7][z < x] = (Qw).B)[x < z][z< x]
= (AQw).Z[x < zD[z < x] see [.3.11;, w # z
= (Qw).Z[x < z][z<x]) see 1.3.11; w # x
(Fw).7%) LH.
=7

By 1.4.13, the issue of substitutability becomes moot. Since we have an infinite
supply of variables (to use, for example, as bound variables), we can always
change the names of all the bound variables in .7 so that the new names are
different from all the free variables in .Z or ¢. In doing so we obtain a formula
7 that is (absolutely) provably equivalent to the original.

Then . %[x < t] will be defined (¢ will be substitutable in x). Thus, the moral
is “any term ¢ is free for x in.Z after an appropriate ‘dummy’ renaming”. @

1.4.14 Definition. In the sequel we will often discuss two (or more) theories at
once. Let ¥ = (L, A, I, 7)and ¥ = (L', A, 1,.77) be two theories such that
7" C 7. This enables T’ to be “aware” of all the formulas of ¥ (but not
vice versa, since L’ may contain additional nonlogical symbols — case where
7 A7,

We say that ¥’ is an extension of T, in symbols ¥ < ¥’ iff .7 C.7.

Let .7 be a formula over L (so that both theories are aware of it). The
symbols F¢ .Z and b« .Z are synonymous with .2 € .7 and .2 € .7’
respectively.

Note that we did not explicitly mention the nonlogical axioms I" or I'” to the
left of -, since the subscript of - takes care of that information.

We say that the extension is conservative iff for any .7 over L, whenever
< 7 it is also the case that =< _Z. That is, when it comes to formulas over
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the language (L) that both theories understand, then the new theory does not
do any better than the old in producing theorems. O

1.4.15 Metatheorem (Metatheorem on Constants). Let us extend a language
L of a theory T by adding new constant symbols ey, . . ., e, to the alphabet 7,
resulting in the alphabet 77, language L', and theory ¥'. Furthermore, assume
that 7" =T, that is, we did not add any new nonlogical axioms.

Then b5 Aley,...,e,] implies b5 Z[xy,...,x,], for any variables
X1,...,X, that occur nowhere in .Zley,...,e,), as either free or bound
variables.

Proof. Fix a set of variables x, ..., x,, as described above. We do induction on

%’-theorems.

Basis. 42 ey, ..., e,]isalogical axiom (over L'); hence sois. Z[x1, ..., x,],
over L — because of the restriction on the x;. Thus < .Z[xq,..., x,]. Note
that if .Z[ey,...,e,] is nonlogical, then so is .Z[xi,...,x,] under our
assumptions.

Pause. What does the restriction on the x; have to do with the claim above?

Modus ponens. Here <. Bley,...,e,] — .Zley,...,e,] and Fg
Llei,...,ex]. By LH., b« Blyi,....yn] — AZly1,..., ] and g
Blyis..., ya], where y;,...,y, occur nowhere in .Zlei,...,e,] —
Alei,...,e,] as either free or bound variables. By modus ponens, g

A1y, yul; hence b A [xq, ..., x,] by 1.4.12 (and [.4.13).

J-introduction. We have <. Zley, ..., e,]— Z[e1,...,e,], zisnot freein
Zler,...,e ),and ~ZJey,...,e,] = 32).Per,...,e,] = Zleq,...,e,]. By
the LH., if wy, ..., w, — distinct from z — occur nowhere in .%[ey, ..., e,] —
Z’ley,...,e,] as either free or bound, then we get -z .Z[wy,..., w,] —
7 [wy,...,w,]. By 3J-introduction we get Fz (Fz).L[wy,...,w,] —
Z[wy,...,w,]. By 1.4.12 and 14.13 we get b (F2).B[x1,...,x,] —
Clx1,...,x, ], 1€, g AZ[x1, ..., x,]. O

1.4.16 Corollary. Let us extend a language L of a theory T by adding new
constant symbols ey, ..., e, to the alphabet 7", resulting in the alphabet 7",
language L', and theory ¥'. Furthermore, assume that I’ = T, that is, we did
not add any new nonlogical axioms.

Then b« Aley,...,e, ) iff bx AZ[x1,..., x,] for any choice of variables
X1yeeoy Xpe
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Proof. If part. Trivially, b« .Z[x1,. .., x,] implies F¢ .Z[x1,..., x,]; hence
b Aley,...,e,] by L4.12.

Only-if part. Choose variables yi, ..., y, that occur nowhere in . Z[ey, .. .,
e,] as either free or bound. By 1.4.15, < .Z [y, ..., y,]; hence, by 1.4.12 and
1413, l—g.,/é[xl, ,x,,]. O

1.4.17 Remark. Thus, the extension T’ of ¥ is conservative; for, if .7 is over
L,then . Z[ey,...,e,] = .7 Therefore, if b5 .7, then b5/ .AZ[ey,...,e,];
hence <z Z[x1,..., x,], thatis, bz 2.

A more emphatic way to put the above is this: ¥’ is not aware of any new
nonlogical facts that T did not already know, albeit by a different name. If

%’ can prove .Z[ey,...,e,], then ¥ can prove the same statement, using any
names (other than the e;) that are meaningful in its own language; namely, it
can prove . 4[x1, ..., X,]. D@

The following corollary stems from the proof (rather than the statement)
of 1.4.15 and 1.4.16, and is important.

1.4.18 Corollary. Letey, ..., e, be constants that do not appear in the nonlog-
ical axioms . Then, if x1, ..., x, are any variables, and if U = _Z|ey, ..., e,],
it is also the case that U ‘- _Z[x1, ..., x,].

1.4.19 Metatheorem (The Deduction Theorem). For any closed formula .7,
arbitrary formula .7, and set of formulas U, if U + .72 & %, then T

N.B. I' + .Z denotes the augmentation of I" by adding the formula .Z.
In the present metatheorem . 7 is a single (but unspecified) formula. However,
the notation extends to the case where . Z is a schema, in which case it means
the augmentation of I by adding all the instances of the schema.

A converse of the metatheorem is also true trivially: Thatis, ' - .72 — .5
implies I' 4+ .7 + .%. This direction immediately follows by modus ponens
and does not require the restriction on . 2. @

Proof. The proof is by induction on I + . Z-theorems.

Basis. Let % be logical or nonlogical (but, in the latter case, assume
B % 4). Then T & 7. Since & =raut -4 — .7, it follows by 1.4.1 that
.72 —.%.

Now, if .# = .#, then .4 — 7% is a logical axiom (group Ax1); hence
I' - .7 — .% once more.
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Modus ponens. LetTU' + .2+ Zand T +.Z2 - ¢ — Z.ByLH, T -
A — Cand T -+ A4 — & — #.Since A4 — &, 4 —> & = 5 ETaut
A — B,wehave' - 72 — 7.

J-introduction. LetI' + 4 + & — & and .7 = (3Ax)% — &, where x is
notfreein 7. Bythe LH.,T' - .72 - ¢ - Y. Byl4.1, T+ ¢ — 72 — I,
hence I' F (Ix)?” — .Z — & by J-introduction (.7 is closed). One more
application of [.4.1 yields ' + .72 — (Ix)? — <. O

1.4.20 Remark. (1) Is the restriction that .Z must be closed important? Yes.
Let.Z = x = a, where “a” is some constant. Then, even though . Z - (Vx).7Z
by generalization, it is not always truef that - ..Z — (Vx).7Z. This follows from
soundness considerations (next section). Intuitively, assuming that our logic
“doesn’t lie” (that is, it proves no “invalid” formulas), we immediately infer
that x = a — (Vx)x = a cannot be absolutely provable, for it is a “lie”. It fails
at least over N, if a is interpreted to be “0”.
(2) 1.4.16 adds flexibility to applications of the deduction theorem:

Fg (A — Dx1,..., %] (%)
where [xi,..., x,] is the list of all free variables just in .-Z, is equivalent
(by 1.4.16) to

b (A — Bley, ..., el (xx)
where ey, ..., e, are new constants added to 7 (with no effect on nonlogical
axioms: I' = I'"). Now, since . Z[ey, . .., e,] is closed, proving

'+ . Zlei,...,ey ] - Plei, ..., el

establishes (xx), hence also ().

In practice, one does not perform this step explicitly, but ensures that,
throughout the I' + .Z-proof, whatever free variables were present in .7
“behaved like constants”, or, as we also say, were “frozen”.

(3) In some expositions the deduction theorem is not constrained by requiring
that.Z be closed (e.g., Bourbaki (1966b), and more recently Enderton (1972)).

Which version is right? Both are, in their respective contexts. If all the
primary rules of inference are “propositional” (e.g., as in Bourbaki (1966b) and
Enderton (1972), who only employ modus ponens) — that is, these rules do not
meddle with quantifiers — then the deduction theorem is unconstrained. If, on
the other hand, full generalization, namely, . Z - (Vx).-Z, is a permissible rule
(primary or derived), then one cannot avoid constraining the application of the

T That is, it is not true in the metatheory that we can prove .2 — (Vx).Z without nonlogical
axioms (absolutely).
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deduction theorem, lest one want to derive (the invalid) - .2 — (Vx).-Z from
the valid . Z F (Vx). 4.

This also entails that approaches such as in Bourbaki (1966b) and Enderton
(1972) do not derive full generalization. They only allow a weaker rule, “if
.7, then = (Vx).2”.

(4) This divergence of approach in choosing rules of inference has some
additional repercussions. One has to be careful in defining the semantic counter-
part of -, namely, = (see next section). One wants the two symbols to track
each other faithfully (Godel’s completeness theorem).? O @

1.4.21 Corollary (Proof by Contradiction). Let . % be closed. Then T & .7
iff T 4+ —.7 is inconsistent.

Proof. If part. Given that Thmp —, , = WIf. In particular, ' + —.7 I _Z. By
the deduction theorem, I' - =4 — _Z. But =4 — 4 E=1aut .2

Only-if part. Given that I' -+ _Z. Hence I' + —.7Z F _Z as well (recall
1.3.18(2)). Of course, I' + —.Z + —.Z too. Since .72, =% raut .7 for an
arbitrary .73, we are done. O

Pause. Is it necessary to assume that . Z is closed in 1.4.21? Why?

The following is important enough to merit stating. It follows from the type
of argument we employed in the only-if part above.

1.4.22 Metatheorem. ¥ is inconsistent iff for some %, both b« .# and
F< =7 hold.

We also list below a number of quotable proof techniques. These techniques
are routinely used by mathematicians, and will be routinely used by us in what
follows. The proofs of all the following metatheorems are delegated to the
reader.

1.4.23 Metatheorem (Distributivity or Monotonicity of 3). Foranyx, .7, .7,
A — B E=@x)A - @Ax)D

Proof. See Exercise I.11. O

1 Indeed, they allow a bit more generality, namely, the rule “if I" - .-Z with a side condition, then
I' - (Vx). . The side condition is that the formulas of I do not have free occurrences of x”. Of
course, I' can always be taken to be finite (why?), so that this condition is not unrealistic.

¥ In Mendelson (1987) = is defined inconsistently with .
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1.4.24 Metatheorem (Distributivity or Monotonicity of V). Foranyx, 7,.%,

A —> B Nx)A—> Vx).B
Proof. See Exercise 1.12. O

The term “monotonicity” is inspired by thinking of “—” as “<”. How? Well,
we have the tautology

(A4 — 7)< (AVB < B) @)

If we think of “. 7 V.2 as “max(.#, .%7)”, then the right hand side in (i) above
says that.% is the maximum of . /Z and .. Or that .7 is “less than or equal to”
% . The above metatheorems say that both 3 and V preserve this “inequality”.

1.4.25 Metatheorem (The Equivalence Theorem, or Leibniz Rule). LetT" -
A < P, and let ©' be obtained from % by replacing some — possibly,
but not necessarily, all — occurrences of a subformula .2 of by .%5. Then
%« %7 e,

<z’
is a derived rule.
Proof. The proof is by induction on formulas %" See Exercise 1.14. O

Equational or calculational predicate logic is a particular foundation of first
order logic that uses the above Leibniz rule as the primary rule of inference.
In applying such logic one prefers to write proofs as chains of equivalences.
Most equivalences in such a chain stem from an application of the rule. See
Dijkstra and Scholten (1990), Gries and Schneider (1994), Tourlakis (2000a,
2000b, 2001). @

1.4.26 Metatheorem (Proof by Cases). Suppose thatT' &= 2, N .-V .7,
andU = A2, — B fori=1,...,n ThenT = 7.

Proof. Immediate, by 1.4.1. O
Proof by cases usually benefits from the application of the deduction theorem.

That is, having established I' = .2, v - .- v 7, one then proceeds to adopt,
in turn, each .7, (i = 1,...,n) as a new nonlogical axiom (with its variables
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“frozen”). In each case (.Z,) one proceeds to prove .%7. At the end of all this
one has established I' + .%.

In practice we normally use the following argot:

“We will consider cases .Z,, fori = 1,...,n.
Case Z,. ... therefore, 7.1
Case Z,. ... therefore, %

1.4.27 Metatheorem (Proof by Auxiliary Constant). Suppose that for formu-
las .7 and .5 over the language L we know

1) '+ @3x).Z[x],

) T' + .#Zlal & .2, where a is a new constant not in the language L of T.
Furthermore assume that in the proof of .% all the free variables of .7 [a)
were frozen.

ThenT + .%.
Proof. Exercise 1.18. O

The technique that flows from this metatheorem is used often in practice. For
example, in projective geometry axiomatized as in Veblen and Young (1916), in
order to prove Desargues’s theorem on perspective triangles on the plane we use
some arbitrary point (this is the auxiliary constant) off the plane, having verified
that the axioms guarantee that such a point exists. It is important to note that De-
sargues’s theorem does not refer to this point at all — hence the term “auxiliary”.

Note. In this example, from projective geometry, “.%” is Desargues’s theorem,
“(Ix).#[x]” asserts that there are points outside the plane, a is an arbitrary such
point, and the proof (2) starts with words like “Let a be a point off the plane” —
which is argot for “add the axiom .Z[a]”.

I.5. Semantics

So what do all these symbols mean? We show in this section how to decode
the formal statements (formulas) into informal statements of real mathematics.
Conversely, this will entail an understanding of how to code statements of real
mathematics in our formal language.

t That is, we add the axiom .7, to I', freezing its variables, and we then prove ..
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The rigorous' definition of semantics for first order languages is due to
Tarski and is often referred to as “Tarski semantics”. The flavour of the particular
definition given below is that of Shoenfield (1967), and it accurately reflects our
syntactic choices — most importantly, the choice to permit “full” generalization
% = (Vx).. In particular, we will define the semantic counterpart of -, name-
ly, =, pronounced “logically implies”, to ensure that I = 7 iff ' = 7. This
is the content of Godel’s completeness theorem, which we state without proof
in this section (for a proof see, e.g., our volume 1, Mathematical Logic).

This section will assume some knowledge of notation and elementary facts
from Cantorian (naive) set theory. We will, among other things, make use of
notation such as

A" (orA x---x A)
——

n times

for the set of ordered n-tuples of members of A. We will also use the symbols
<.y, Uael 4

I.5.1 Definition. Given a language L = (7, Term, WIY), a structure 9 =
(M, 7)) appropriate for L is such that M # (J is a set (the domain or underlying
set or universe®) and .7 (.7 for interpretation) is a mapping that assigns

(1) to each constant a of 7 a unique member a” € M,

(2) to each function f of 27" — of arity n — a unique (total)¥ function £~ :
M'— M,

(3) to each predicate P of 7" — of arity n — a unique set P C M" # O

L.5.2 Remark. The structure 91 is often written more verbosely, in conformity
with practice in algebra. Namely, one unpacks the Zinto alista”, b7, ...; 7,
g'7,...;P'7, Q'7,... and writes instead 9 = (M;a'7,b'7,...;f'7, 7

—

One often says “The formal definition of semantics . ..”, but the word “formal” is misleading
here, for we are actually defining semantics in the metatheory (in “real” mathematics), not in
some formal theory.

If we have a set of sets {S,, Sp, S¢, ...}, where the indices a, b, c, ... all come out of an index
set /, then the symbol | J;; S; stands for the collection of all those objects x that are found in ar
least one of the sets S;. It is a common habit to write [ J72 S; instead of | J;cy Si- A U B is the
same as Uie(],z} S;, where we have let S| = A and S; = B.

Often the qualification “of discourse” is added to the terms “domain” and “universe”.
Requiring f 7 10 be total is a traditional convention. By the way, fotal means that f 7 is defined
everywhere on M".

Thus P is an n-ary relation with inputs and outputs in M.

++

A o
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P7, Q'7 , ...). Under this understanding, a structure is an underlying set (uni-
verse), M, along with a list of “concrete” constants, functions, and relations
that “interpret” corresponding “abstract” items of the language.

Under the latter notational circumstances we often use the symbols a™, ™,
P™ (rather than a”, etc.) to indicate the interpretations in 91 of the constant a,
function f, and predicate P respectively.

We have said above “structure appropriate for L”, thus emphasizing the
generality of the language and therefore our ability to interpret what we say in
it in many different ways.

Often though (e.g., as in formal arithmetic and set theory), we have a structure
in mind to begin with, and then build a formal language to formally codify
statements about the objects in the structure. Under these circumstances, in
effect, we define a language appropriate for the structure. We use the symbol
Ly to indicate that the language was built to fit the structure 1. a @

L.5.3 Definition. We routinely add symbols to a language L (by adding new
nonlogical symbols) to obtain a language L’. We say that L' is an extension of
L and that L is a restriction of L'. Suppose that M = (M,.7) is a structure
for L, and let 90V = (M, .7’) be a structure with the same underlying set M,
but with .7 extended to .7” so that the latter gives meaning to all new symbols
while it gives the same meaning as .7 does to the symbols of L.

We call 9V an expansion (rather than extension) of 9, and 91 a reduct
(rather than restriction) of 9. We often write .7 =.7” | L to indicate that the
mapping .7 — restricted to L (symbol “[ ) — equals .7. O

1.5.4 Definition. Given L and a structure 9t = (M, .7) appropriate for L.
L(ON) denotes the language obtained from L by adding to 7 a unique new
name i for each objecti € M.

This amends the sets Term, W{f into Term()t), WEf(9)t). Members of the
latter sets are called 1-terms and 9)1-formulas respectively.

. ) <7 . .
We extend the mapping .7 to the new constants by: i = i for all i e M
(where the “=" here is metamathematical: equality on M). O

All that we have done here is to allow ourselves to do substitutions like [x < 7]
formally. We do instead [x < i]. One next gives “meaning” to all closed terms
in L(ON). The following uses definition by recursion (I.2.13) and relies on the
fact that the rules that define terms are unambiguous. @
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1.5.5 Definition. For closed terms ¢ in Term(9)t) we define the symbol t” € M
inductively:

(1) If ¢ is either a (original constant) or i (imported constant), then 7 has
already been defined.

(2) If t is the string ft...t,, where f is n-ary and ¢,...,t, are closed
M-terms, we define 7 to be the object (of M) f'7(t‘17, e, t;l7). d

Finally, we give meaning to all closed 91-formulas, again by recursion (over
WIF).

L.5.6 Definition. For any closed formula .-Z in Wf(9) we define the symbol
7 inductively. In all cases, . 27 € {t, f}:

() If .# =t = s, where t and s are closed M-terms, then .27 = t iff
t7 = s”. (The last two occurrences of “=" are metamathematical.)

2) If 4 = Pt;...t,, where P is an n-ary predicate and the #; are closed
M-terms, then .27 = tiff (r;,....£]) € P7 or P7(t],....1;) holds.
(Or “is true”; see p. 20. Of course, the last occurrence of “=" is meta-
mathematical.)

(3) If .7 is any of the sentences —.%,.% vV &, then 47 is determined by
the usual truth tables (see p. 31) using the values . and #*. That is,
(=5 = F(#7)and (B Vv &) = F (%7, ¢”).(The last two occur-

rences of “="" are metamathematical.)

@) If 7 = (3x).7, then .27 = tiff (Z[x « i])” = tforsomei € M.
(The last two occurrences of “="" are metamathematical.) O

We have “imported” constants from M into L in order to be able to state
the semantics of (3x).”# above in the simple manner we just did (following
Shoenfield (1967)).

We often state the semantics of (3x).5 by writing

((Elx).%’[x])] istrue iff (3 € M)(B[i])” is true

1.5.7 Definition. Let. 7 € WIf, and 91 be a structure as above.

An M-instance of .7 is an M-sentence . Z(iy, . .., ir) (that is, all the free
variables of . Z have been replaced by imported constants).

We say that .Z is valid in 901, or that 91 is a model of .7, iff for all M-
instances . 7’ of .7 it is the case that.Z2"” = t.t Under these circumstances we
write =gy . A2

T We henceforth discontinue our pedantic “(The last occurrence of “=""is metamathematical.)”.
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For any set of formulas I" from WHf, =gy I", pronounced “IN is a model of

I'”, means that =gy . Z forall .2 € .

A formula .7 is universally valid or logically valid (we often say just valid)
iff every structure appropriate for the language is a model of . 2.

Under these circumstances we simply write &= . 2.

If " is a set of formulas, then we say it is satisfiable iff it has a model. It is

finitely satisfiable iff every finite subset of I" has a model.

O

Contrast the concept of satisfiability here with that of propositional satisfiabil-
ity (I.3.6). The definition of validity of . Z in a structure 9% corresponds with the
normal mathematical practice. It says that a formula is true (in a given “context”
) just in case it is so for all possible values of the free variables.

L.5.8 Definition. We say that I logically implies .7, in symbols I = .7, to

mean that every model of T is also a model of 4.

O

L.5.9 Definition (Soundness). A theory (identified by its nonlogical axioms)
I is sound iff, for all .2 € Wff, ' - _7Z implies I" |= .7, that is, iff all the

theorems of the theory are logically implied by the nonlogical axioms.

O

Clearly then, a pure theory ¥ is sound iff -« .7 implies |= .# for all .2 €

Wif. That is, all its theorems are universally valid.

Towards the soundness result’ below we look at two tedious (but easy)

lemmata.

1.5.10 Lemma. Given a term t, variables x # y, where y does not occur in ft,
and a constant a. Then, for any term s and formula .7, s[x < t][y < a] =
sly < allx < tland AZ[x < t][y < a] = .2y < a][x < t].

Proof. Induction on s: Basis:

ifs =x
ifs=y

sle = tlly < al = if s = z, where x £ 7 # y,
ifs=b

= sly < al[x < ¢]

T These two concepts are often defined just for sentences.
' Also nicknamed “the easy half of Godel’s completeness theorem”.

then ¢
then a
then z
then b

4

4
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For the induction step let s = fr ...r,, where f has arity n. Then

slx < t]ly < al = frilx < t]ly < a]...r[x < t][y < a]
= frily < allx < t]...r[y < allx <] by LH.
= s[y < al[x < 1]

Induction on .7 Basis:

if 4 = Pry...r, then
Pri[x <ty «<—al...rx < t][y < a] =
Prily < allx < t]...r,[y < allx < ¢]
if #Z =r = s then
rlx < t]ly < a]l =slx < t][y < al =
rly < allx < t] = sy < a][x < ¢]

Ax <ty < a] =

= 7]y < a][x < t]

The property we are proving, trivially, propagates with Boolean connectives.
Let us do the induction step just in the case where .2 = Jw).Z. If w = x or
w =y, then the result is trivial. Otherwise,

Ax <ty < a] = (Fw).B)[x < t][y < a]
= (Qw).Z[x < t]ly < a))
= (Qw).Z[y < allx < t]) by LLH.
= (Qw).Z)y < a]lx < t]

=72y < al[x <« t] -

L.5.11 Lemma. Given a structure M = (M,.7), a term s and a formula .7,
both over L(ON). Furthermore, each of s and .4 have at most one free variable,
namely, x.

Let t be a closed term over L(ON) such that t” =i € M. Then (s[x < t])” =
(s[x < i) and (A[x < t])” = (A[x < i])”. Of course, since t is closed,
Ax < t] is defined.

Proof. Induction on s: Basis: s[x < t] = s if s € {y,a, j} (y # x). Hence
(s[x < 1])” = 57 = (s[x < i])” inthis case. If s = x, then s[x < ¢] = ¢ and
s[x < i] = i, and the claim follows once more.
For the induction step let s = fr;...r,, where f has arity n. Then
Glx < 1) = f7((nlx <17, (ralx < 1])7)
= f7((nlx < ih7,....(mlx < i))”)  byLH.

= (slx < i
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Induction on 7: Basis: If .2 = Pry...r,, thent
(AZLx < 1) = P7((ri[x < t)7,...., (ralx < 1))
= P/((nlx < i)/, ..., (ralx < i])”)
=(Ax < i)’
Similarly if %4 =r = s.
The property we are proving, clearly, propagates with Boolean connectives.
Let us do the induction step just in the case where .72 = (Jw).%. If w = x the

result is trivial. Otherwise, we note that — since ¢ is closed — w does not occur
in ¢, and proceed as follows:

(Ax 1) =t iff (Aw)D)x < 1) =t
iff ((Aw).20x < 1) =t
iff (Z[x < t][w < j])” = tfor some j € M, by 1.5.6(4)
iff (Z[w < jl[x < t])” = tfor some j € M, by 1.5.10
iff ((Plw < jDlx < t])] =t for some j € M
iff ((Plw < jDlx < zT])] = t for some j € M, by LH.
iff (Z[w <« jllx < i])” =tforsome j € M
iff (#[x < il[w <« j])” = tforsome j € M, by15.10
iff  ((Qw).Z0x < )" = tby L5.6(4)
iff ((Qw).2)x < i1)” =t
iff (Zlx<i])” =t
0

1.5.12 Metatheorem (Soundness). Any first order theory (identified by its non-
logical axioms) T, over some language L, is sound.

Proof. By induction on I'-theorems .Z, we prove that I |= .. That is, we fix
a structure for L, say 907, and assume that =9y I". We then proceed to show that
Eon A

Basis: If .Z is a nonlogical axiom, then our conclusion is part of the as-
sumption, by 1.5.7.

If .7 is a logical axiom, there are a number of cases:

Case 1. =raut 7. We fix an M-instance of .7, say .2, and show that
2" =t. Let Pis-.., Ppn be all the propositional variables (alias,
prime formulas) occurring in .Z’. Define a valuation v by setting

T For a metamathematical relation Q,asusual (p. 20), Q(a, b, ...) = t,orjust Q(a, b, ...), stands
for (a,b,...) € Q.
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v(p) = p'i7 fori=1,...,n. Clearly, t=0(2") = A7 (the first “=”
because E=aut -2, the second because after prime formulas have been
taken care of, all that remains to be done for the evaluation of 27 s
to apply Boolean connectives — see 1.5.6(3)).

Pause. Why is =yt - 2'?

Case 2. .7 = .B[t] — (Ix).%. Again, we look at an M-instance .%'[t'] —
(3x).%". We want (%'[t'] — (3x).#")” = t, but suppose instead that

BN =t 4))
and
(@07 =t )

Let '/ =i (i € M). By 15.11 and (1), (#'[i])” = t. By 1.5.6(4),
((Elx).,% /)'72 t, contradicting (2).

Case 3. .4 = x = x. Then an arbitrary 9i-instance is i = i for some i € M.
By 15.6(1), (i =i)” =t.

Case4. 7 =t =5 — (B[t] < Z[s]). Once more, we take an arbitrary -
instance, 1’ = s’ — (#'[t'] < .%'[s']). Suppose that (' = s')” = t.
Thatis, ¢/ = 5" = (let us say) i (in M). But then

(') = (L7, by 1.5.11
=(#'[s'])’, byls.1l

Hence (Z[t] < B[s])” =t.

For the induction step we have two cases:

Modus ponens. Let % and .% — .7 be I'-theorems. Fix an 9-instance
L' — 2. Since BB', B — A Eraut -2, the argument here is entirely analo-
gous to the case .Z € A (hence we omit it).

A-introduction. Let .2 = (Ax).% — Z and " + . — Z, where x is not
free in #". By the L.H.

Eom B — ¢ 3

Let (Ix).7" — &’ be an Mi-instance such that (despite expectations)
(@0.7") = thut

—f (4)
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Thus
2 =t (5)
for some i € M. Since x is not free in ¢, .#'[i] — #” is a false (by (4) and

(5)) M-instance of .Z — £, contradicting (3). O

We have used the condition of 3-introduction above, by saying “Since x is not
free in 7, B'[i] — % is a[n] ... M-instance of .7 — Z .

So the condition was useful. But is it essential? Yes, since, for example, if
x#Zy,thenx =y >x=yFEEx)x=y—>x=y. @

As a corollary of soundness we have the consistency of pure theories:
1.5.13 Corollary. Any first order pure theory is consistent.

Proof. Let ¥ be a pure theory over some language L. Since = —x = x, it
follows that bz —x = x, thus.7 # WIf. O

By I/ .7 and [~ . Z we mean the metatheoretical statements “ ‘.2’ is false”
and “ ‘|= . %’ is false” respectively. @

1.5.14 Corollary. Any first order theory that has a model is consistent.

Proof. Let ¥ be a first theory over some language L, and 9t a model of ¥.
Since [Eogn —x = x, it follows that b/¢ —x = x, thus.” # WIT. O

First order definability in a structure. We are now in a position to make the
process of “translation” to and from informal mathematics rigorous.

L.5.15 Definition. Let L be a first order language, and 91 a structure for L. A
set (synonymously, relation) S C M" is (first order) definable in 9 over L
iff for some formula . (yy, ..., y,) (see p. 19 for a reminder on round-bracket
notation) and foralli;, j =1,...,n,in M,

(it,...,in) €S iff |=on.7G1,..., 0n)

We often just say “definable in 2U”.

A function f:M" — M is definable in 21 over L iff the relation y =
f(x1,...,xy,)is so definable. O
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N.B. Some authors say “(first order) expressible” (Smullyan (1992)) rather
than “(first order) definable” in a structure.

In the context of 91, the above definition gives precision to statements such
as “we code (or translate) an informal statement into the formal language” or
“the (formal language) formula.Z informally ‘says’...”, since any (informal)
“statement” (or relation) that depends on the informal variables xi, . .., x, has
the form “(xy,..., x,) € S” for some (informal) set S. It also captures the
essence of the statement “The (informal) statement (x;,...,x,) € S can be
written (or can be made) in the formal language.”

What “makes” the statement, in the formal language, is the formula.””.

1.5.16 Example. The informal statement “z is a prime” has a formal translation
S0 <zAWx)(Vy)z=xXy —>x=2zVx=250)

over the language of elementary number theory, where nonlogical symbols
are 0, S, +, X, < and the definition (translation) is effected in the standard
structure Nt = (N;0; S, 4+, x; <), where “S” satisfies, for all n € N, S(n) =
n + 1 and interprets “S” (see 1.5.2, p. 54, for the “unpacked” notation we have
just used to denote the structure 7). We have used the variable name “z” both
formally and informally, but we have used a typographical trick: The formal
variable was in boldface type while the informal one was in lightface. O

It must be said that translation is not just an art or skill. There are theoretical
limitations to translation. The trivial limitation is that if M is an infinite set and,
say, L has a finite set of nonlogical symbols (as is the case in arithmetic and
set theory), then we cannot define all S € M, simply because we do not have
enough first order formulas to do so.

There are non-trivial limitations too. Some sets are not first order definable
because their definitions are “far too complex” (the reader who wants more
on this comment may wish to look up the section on definability and incom-
pletableness in volume 1 of these lectures (Mathematical Logic)). @

This is a good place to introduce a common notational argot that allows us to
write mixed-mode formulas that have a formal part (over some language L)
but may contain informal constants (names, to be sure, but names that have not
formally been imported into L) from some structure )t appropriate for L.

L.5.17 Informal Definition. Let L be a first order language, and 9t = (M,.7)
astructure for L. Let.Z be a formula with at most xy, ..., x, free,and iy, ..., i,
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be members of M. The notation .7 [[ii,...,i,] is an abbreviation of
- — N7
(./Z[l],...,ln]) . O

This argot allows one to substitute informal objects into variables outright,
by-passing the procedure of importing formal names for such objects into the
language. It is noteworthy that mixed mode formulas can be defined directly by
induction on formulas — that is, without forming L(90) first — as follows:

Let L and 90t be as above. Let x, ..., x, contain all the free variables that
appear in a term ¢ or formula .Z over L (not over L(ON)). Let iy,..., i, be
arbitrary in M.

For terms we define

tliv,...indl
i ift=x;1<j<n)
. if t=a

i inll e Lino i) if 1= fr.t,
For formulas we let

A, il

tlin,...inl=sii,...inl if Z=t=s

P(tiliv,...oinllseoostr Lits.ooyinll) if A =Ph. .1,
={=(ZLir,...in1) if 4=-%

(ZLiv, .- inl vV CLir,....in 1) if Z=2ve

Aa e M)Ba,ii,... i if 7 =327z, Xal

where “(3a € M)...” is short for “(3a)(a € M A ...)”. The right hand side
of = has no free (informal) variables, thus it evaluates to t or f.

We now turn to the “hard half” of Godel’s completeness theorem, which
states that our syntactic proof apparatus can faithfully mimic proofs by logical
implication. That is, the syntactic apparatus is “complete”.

L.5.18 Definition. A theory over L (designated by its nonlogical axioms) I" is
semantically complete iff ' = .7 implies I" - .7 for any formula . Z. O

The term “semantically complete” is not used much. There is a competing
syntactic notion of completeness, that of simple completeness, also called just
completeness. The latter is the notion one has normally in mind when saying
“a complete theory”, or, in the opposite case, incomplete.

4

4
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The proof of the semantic completeness of every first order theory hinges on
the consistency theorem, which we state without proof below.! The complete-
ness theorem will then be derived as a corollary.

1.5.19 Metatheorem (Consistency Theorem). If a (first order) theory ¥ is
consistent, then it has a model.

Metamathematically speaking, a set S is countable if it is finite or it can be put
in 1-1 correspondence with N. The latter means that there is a total function
f : N — S thatis onto —thatis, (Vx € S)(3n e N) f(n) = x is true — and 1-1.
“1-1” means that (Vn € N)(Vm e N)(f(n) = f(m) — n = m) is true.

A set that is not countable is uncountable. Cantor has proved that the set of
reals, R, is uncountable.

By definition, a language L is countable or uncountable iff the set of its
nonlogical symbols is.
By definition, a model is countable or uncountable iff its domain is. @

The technique of proof of 1.5.19 yields the following important corollaries.

1.5.20 Corollary. A consistent theory over a countable language has a count-
able model.

L.5.21 Corollary (Lowenheim-Skolem Theorem). Ifa set of formulasT over
a countable language has a model, then it has a countable model.

1.5.22 Corollary (Godel’s Completeness Theorem — Hard Half). In any
countable first order language L, ' = .7 implies T - 7.

Proof. Let .% denote the universal closure of .-Z. By Exercise .21, " &= .%.
Thus, I' + —.% has no models (why?). Therefore itis inconsistent. Thus, I" - .7
(by 1.4.21), and hence (specialization), I" - 7. d

A way to rephrase completeness is that if I' = .7, then also A = .7, where
A C T is finite. This follows by soundness, since I' = .7 entails I" - .Z and
hence A .7, where A consists of just those formulas of I" used in the proof

of 4. @

T For a proof see volume 1 of these lectures.
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L.5.23 Corollary (Compactness Theorem). In any countable first order lan-
guage L, a set of formulas T is satisfiable iff it is finitely satisfiable.

Proof. Only-if part. This is trivial, for a model of I' is a model of any finite
subset.

If part. Suppose that I' is unsatisfiable (it has no models). Then it is in-
consistent by the consistency theorem. In particular, I'  —x = x. Since the
pure theory over L is consistent, a I'-proof of —x = x involves a nonempty

finite sequence of nonlogical axioms (formulas of I'), .Z,,..., Z,. That is,
Ay, A, —-x =x,hence {AZ,,...,.7,} has no model (by soundness).
This contradicts the hypothesis. O

@ Now, if the language L is uncountable, we say that it has cardinality ¢ if 7~
(or equivalently, the set of nonlogical symbols) does. Cardinality is studied
within ZFC in Chapter VII. However, to extend the consistency theorem and
its corollaries to uncountable L one only needs to have an understanding of
the informal Cantorian concept and of its basic properties (e.g., the “real”
counterpart of VIL.5.17) along with a basic (informal) understanding of ordinals.
The following is true (for a proof outline see volume 1 of these lectures).

1.5.24 Metatheorem (Consistency Theorem). Ifa (first order) theory T overa
language L of cardinality € is consistent, then it has a model of cardinality < %.

L.5.25 Corollary (Completeness Theorem). In any first order language L,
I' =.7 impliesT = . 42.

1.5.26 Corollary (Godel-Mal'cev Compactness Theorem). In any first order
language L, a set of formulas T is satisfiable iff it is finitely satisfiable.

The Lowenheim-Skolem theorem takes the following form:
1.5.27 Corollary (Upward Lowenheim-Skolem Theorem). Ifa set of formu-
las T over a language L of cardinality € has an infinite model, then it has a
model of any cardinality n such that £ < n.

At one extreme, ZFC set theory’s intended model is so huge that it is not
even a set (its domain, that is, is not). At the other extreme, set theory has only

two primary nonlogical symbols; hence, if we believe that it is consistent, it has

 We will have an opportunity to explain this hedging later on.
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a countable model. Countable models play an important role in the metatheory
of ZFC (as we see, e.g., in Chapter VIII).
The (very condensed) material in this ©< passage is not used anywhere in

this volume. @@

1.6. Defined Symbols

We have already mentioned that the language lives, and it is being constantly
enriched by new nonlogical symbols through definitions. The reason we do this
is to abbreviate undecipherably long formal texts, thus making them humanly
understandable.

There are three possible kinds of formal abbreviations, namely, abbreviations
of formulas, abbreviations of variable terms (i.e., objects that depend on free
variables), and abbreviations of constant terms (i.e., objects that do not depend
on free variables). Correspondingly, we introduce a new nonlogical symbol for
a predicate, a function, or a constant in order to accomplish such abbreviations.

Here are three simple examples, representative of each case.

We introduce a new predicate (symbol), “C”, in set theory by a definitionf

ACB< (Vx)(xe A— x e B)

An introduction of a function symbol by definition is familiar from elemen-
tary mathematics. There is a theorem that says

“for every non-negative real number x there is a unique
non-negative real number y such thatx =y - y”

ey

This justifies the introduction of a 1-ary function symbol f that, for each such x,
produces the corresponding y. Instead of using the generic “ f(x)”, we normally
adopt one of the notations “\/x” or “x!/2”. Thus, we enrich the language (of,
say, algebra) by the function symbol ,/ and add as an axiom the definition of
its behaviour. This would be

x =/x/x
or
y=Vxex=y-y

where the restriction x > 0 is implied by the context.

T In practice we state the above definition in argot, probably as “A C B means that, for all x, we
havex € A > x € B”.
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The “enabling formula” (1) — stated in argot above — is crucial in order

that we be allowed to introduce 4/ and its defining axiom. That is, before we
introduce an abbreviation of a (variable or constant) ferm — i.e., an object — we
must have a proof in our theory of an existential formula, i.e., one of the type
(3'y). 7, that asserts that (if applicable, for each “value” of the free variables)
a unique such object exists.

The symbol “(3!y)” is read “there is a unique y”. It is a logical abbreviation
(defined logical symbol, just like V) given (in least parenthesized form) by

(Elx)(ﬁé A=@)(AN—x = z))

Finally, an example of introducing a new constant symbol, from set theory,

is the introduction of the symbol @ into the language, as the name of the unique
object’ y that satisfies =U(y) A (Vx)x ¢ y, read “y is a set! and it has no
members”. Thus, @ is defined by

U@ ANVx)x ¢ 0

or, equivalently, by

y=0<-Uy)ANNF)x ¢y

The general situation is this: We start with a theory I', spoken in some

basic’ formal language L. As the development of I proceeds, gradually and
continuously we extend L into languages L,,, for n > 0 (we have set Ly = L).
Thus the symbol L, stands for some arbitrary extension of L, effected at stage
n + 1. The theory itself is being extended by stages, as a sequence I',, n > 0.

A stage is marked by the event of introducing a single new symbol into the

language via a definition of a new predicate, function, or constant symbol. At
that same stage we also add to I, the defining nonlogical axiom of the new
symbol in question, thus extending the theory I',, into ', 1. We set g =T.

Specifically, if ¥ Z/(x,,) is some formula we then can introduce a new predi-

cate symbol “P”* that stands for .

T

++

- o

Uniqueness follows from extensionality, while existence follows from separation. These facts —
and the italicized terminology — are found in Chapter III.

U is 1-ary (unary) predicate. It is one of the two primitive nonlogical symbols of formal set
theory. With the help of this predicate we can test an object for set or atom status. “ U(y)” asserts
that y is an atom; thus “—U (y)” asserts that y is a set — since we accept that sets or atoms are the
only types of objects that the formal system axiomatically characterizes.

“Basic” means here the language given originally, before any new symbols were added.

Recall that (see Remark 1.1.11, p. 19) the notation /(X,,) asserts that X, i.e., X1, ..., X, is the
complete list of the free variables of .

Recall that predicate letters are denoted by non-calligraphic capital letters P, Q, R with or without
subscripts or primes.

4
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In the present description, ¢/ is a syntactic (meta-)variable, while P is a new
formal predicate symbol. @

This entails adding P to Ly (i.e., toits alphabet 7, ) as a new n-ary predicate
symbol, and adding

PXx, < O(y) ()

to Iy as the defining axiom for P. “C” is such a defined (2-ary) predicate in set
theory.

Similarly, a new n-ary function symbol f is added into Ly (to form L;) by
a definition of its behaviour. That is, we add f to L; and also add the following
formula (i) to I'y as a new nonlogical axiom

Y= v > OO Y, Yn) (i)

provided we have a proof in I'y of the formula

AT, Y15 Y- (@iii)

Depending on the theory and on the number of free variables (n > 0), “ f” may
take theory-specific names such as @, w, v/, etc. (in this illustration, for the
sake of economy of effort, we have thought of defined constants, e.g., ¥ and w,
as 0-ary functions).

In effecting these definitions, we want to be assured of two things:

(1) Whatever we can say in the richer language L (for any k > 0) we can also
state in the original (basic) language L = L (although awkwardly, which
justifies our doing all this). “Can be stated” means that we can translate any
formula.7 over L; (hopefully in a “natural” way) into a formula .7 * over
L so that the extended theory I'y can prove that.” and.7 * are equivalent.

(2) We also want to be assured that the new symbols offer no more than conve-
nience, in the sense that any formula.7 over the basic language L deducible
from I’y (k > 0), one way or another (perhaps with the help of defined sym-
bols) is also deducible from I'.

These assurances will become available shortly, as Metatheorems 1.6.1 and 1.6.3.
Here are the “natural” translation rules that take us from a language stage Lj

T ", spoken over L, can have no opinion, of course, since it cannot see the new symbols, nor does
it have their definitions among its “knowledge”.

t Trivially, any .7 over L that I can prove, any [y (k > 0) can prove as well, since the latter
understands the language (L) and contains all the axioms of I". Thus I'y extends the theory T".
That it cannot have more theorems over L than I makes this extension conservative.
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back to the previous, L (so that, iterating the process, we get back to L):

Rule (1). Suppose that .7 is a formula over L;, and that the predicate
P (whose definition took us from Lj to Ly, and hence is a symbol of
L1 but not of L) occurs in.” zero or more times. Assume that P has
been defined by the axiom (i) above (included in I'y4), where ' is a
formula over L;. We eliminate P from.7 by replacing all its occurrences
by <. That is, whenever P7, is a subformula of .77, all its occurrences are
replaced by </(7,). We can always arrange by 1.4.13 that the simultaneous
substitution ¢7[X, < f,]is defined. This results to a formula.7* over Ly.

Rule (2). If f is a defined n-ary function symbol as in (i7) above, introduced
into Lg.1, and if it occurs in .77 as .7 [ ft;...t,],} then this formula is
logically equivalent to*

ANy = ft...t ATYD (iv)

provided that y is not free in .7 [ft;...t,]. Using the definition of f
given by (ii), and 1.4.13 to ensure that Z/(y, 7,) is defined, we eliminate
this occurrence of f, writing (iv) as

ALyt ) AT YD (v)

which says the same thing as (iv) in any theory that thinks that (ii) is
true (this observation is made precise in the proof of Metatheorem 1.6.1).
Of course, f may occur many times in .7, even “within itself”, as in
ffzi...zuy2 ... yn,b or even in more complicated configurations. Indeed,
itmay occur within the scope of a quantifier. So the rule becomes: Apply the
transformation taking every atomic subformula A#|[ ft,...t,] of .7 into
the form (v) by stages, eliminating at each stage the leftmost-innermost’
occurrence of f (in the atomic formula we are transforming at this stage),
until all occurrences of f are eliminated. We now have a formula.” * over
Ly.

1.6.1 Metatheorem (Elimination of Defined Symbols I). Let I" be any theory
over some formal language L.

(a) Let the formula ¢ be over L, and P be a new predicate symbol that extends
L into L' and T into "' via the axiom PX, < (J(X,). Then, for any formula

T This notation allows for the possibility that f7; .. ., doesnotoccuratallin.7 (see the convention
on brackets, p. 19).

t See (C) in the proof of Metatheorem 1.6.1 below.

§ Or f(f(z1,-..,20), Y2, ..., Yn)), using brackets and commas to facilitate reading.

T A term ft1...t, is innermost iff none of the #; contains “ f”.
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F over L', the P-elimination as in Rule (1) above yields a .7 * over L such
that
-7 7%

(b) Let .7 [x] be over L, and let t stand for ft...t,, where f is introduced
by (ii) above as an axiom that extends I into I"'. Assume that no t; contains
the letter f and that y is not free in .7 [t]. Then'

I =70t < @)@y, 1) AT y)
@Here “L"1is “Lyy1” (for some k) and “L” is “L;”.

Proof. Firstobserve that this metatheorem indeed gives the assurance that, after
applying the transformations (1) and (2) to obtain .7 * from .7, I’ thinks that
the two are equivalent.

(a): This follows immediately from the Leibniz rule (1.4.25).
(b): Start with

7] >t =t ANF[t] (by -t = t and |=rpau-implication) (A)
Now, by Ax2, substitutability, and non-freedom of y in.7 [¢],
Fi=tAT[t] > @)y =t AT[y]
Hence
E7ll— @)y =t ATTyD (B)

by (A) and =yy¢-implication.

Conversely,
Fy=t— (7y]l < .7t (Ax4; substitutability was used here)
Hence (by Fraut)
Fy=tAT[y] > .7[t]
Therefore, by 3-introduction (allowed, by our assumption on y),
AW =t ATy > 7]
' As we already have remarked, in view of 1.4.13, it is unnecessary pedantry to make assumptions

on substitutability explicit.
t We will often write just “by E=Taut” meaning to say “by =raut-implication”.
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which, along with (B), establishes
F 71l < @y)(y =t AT TyD )
Finally, by (ii) (which introduces I' to the left of I-), (C), and the Leibniz rule,

I+ 71t] < @)@, 1) AFy]) (D)
0

The import of Metatheorem 1.6.1 is that if we transform a formula.7 — written
over some arbitrary extension by definitions, L, of the basic language L —
into a formula.7* over L, then I'; (the theory over L; that has the benefit
of all the added axioms) thinks that .7 <> .7 *. The reason for this is that we
can imagine that we eliminate one new symbol at a time, repeatedly applying
the metatheorem above — part (b) to atomic subformulas — forming a sequence

. . . — 7 . 7
of increasingly more basic formulas .5, 0L o0 T s T where .7 is
the same string as .7 * and .7 | is the same string as .7

Now, I'iyy = .7, < 7, fori = k,...,0, where, if a defined function

letter was eliminated at step i + 1 — i, we invoke (D) above and Leibniz
rule. Hence, since 'y € I'y € -+ C T4y, we have Ty .7, < .7, for
i =k,...,0,and therefore 'ty .7, | < .7 . @

1.6.2 Remark (One Point Rule). The absolutely provable formulain (C) above
is sometimes called the one point rule (Gries and Schneider (1994), Tourlakis
(2000a, 2000b, 2001)). Its “dual”

Tl < )y =t — 7y

is also given the same nickname and is easily (absolutely) provable using (C)
by eliminating 3. O

1.6.3 Metatheorem (Elimination of Defined Symbols II). Let I" be a theory
over a language L.

(a) If L' denotes the extension of L by the new predicate symbol P, and T’
denotes the extension of I' by the addition of the axiom PXx, < ((X,),
where (J is a formula over L, then T &= .7 for any formula .7 over L such
thatT' +.7.

(b) Assume that

' @y).20y,x,...,x,) (%)
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pursuant to which we defined the new function symbol f by the axiom
Y= fxX1...%, < FAY, X1,...,%Xn) (x%)

and thus extended L to L' and T to T"'. Then ' & .7 for any formula .7
over L such that T + 7.

Proof. This metatheorem assures that extensions of theories by definitions are
conservative in that they produce convenience but no additional power (the
same old theorems over the original language are the only ones provable).

(a): By the completeness theorem, we show instead that
s (1)
Solet M = (M, .7) be an arbitrary model of T, i.e., let
o I @

We now expand the structure MM into M’ = (M, .7”) — without adding any new
individuals to its domain M — by adding an interpretation, P, for the new
symbol P. We define for every ay,...,a, in M

P7 (a1, ....ay) =t iff Eow O@1,...,a) [ie.,iff EoC@,..., a0

Clearly then, 9 is a model of the new axiom, since, for all 9)V-instances of the
axiom —such as P(ay,...,a,) < Z(ay,...,a,)— we have

(P@y,....a,) < C@,....a)) =t

It follows that =gy T/, since we have =gy ', the latter by (2), due to having
made no changes to 9t that affect the symbols of L. Thus, I'' F .7 yields
Eon .7 ; hence, since .7 is over L, =95 .7 . Along with (2), this proves (1).

(b): As in (a), assume (2) in an attempt to prove (1). By ()
o Q) 20y, X1, ..., Xn)

Thus, there is a concrete (i.e., in the metatheory) function ]’?of n arguments that
takes its inputs from M and gives its outputs to M, the input-output relation
being given by (3) below (I;n in, a out). To be specific, the semantics of “3!”
implies that for all by, ..., b, in M there is a unique a € M such that

(2@, br,....5y) =t 3)
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We now expand the structure 9% into 0V = (M, .7”), so that all we add to it
is an interpretation for the new function symbol f. We let f”" = f. From (2)
it follows that

o T )
since we made no changes to 91 other than adding an interpretation of f, and
since no formula in I" contains f. By (3), if a, by, ..., b, are any members of

M, then we have

Eov @ = fby...by, iff a= fb,..., by
iff |=9n.%2@,by,...,b,) by the definition of f

iff o 2@, by,..., by

— the last “iff” because .72 (over L) means the same thing in 9t and 90U'.
Thus,

Eov Yy = fxX1...%, < (Y, X1,...,Xn) @)
Now (xx), (2') and (4) yield F=on I'', which implies Fon .7 (from I = .7).
Finally, since .7 contains no f, F=gn .7 . This last result and (2) give (1). O

1.6.4 Remark.

(a) We note that translation rule (1) and (2) — the latter applied to atomic sub-
formulas — preserve the syntactic structure of quantifier prefixes. For example,
suppose that we have introduced f in set theory by

y=fx1xp > Oy, X1, x,) &)

Now, an application of the collection axiom of set theory has a hypothesis of
the form

“x € Z)EW)... AL ft1.. ty]...) ©)

where, say, .Z is atomic and the displayed f is innermost. Eliminating this f
we have the translation

“(Vx € Z)Aw) (... ANCAII ALY fy e s ta))..)” 7)

which still has the V3-prefix and still looks exactly like a collection axiom
hypothesis.

(b) Rather than worrying about the ontology of the function symbol formally
introduced by (5) above — i.e., the question of the exact nature of the symbol

T This part is independent of part (a); hence this is a different.7” in general.
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that we named “f” — in practice we shrug this off and resort to metalinguistic
devices to name the function symbol, or the term that naturally arises from
it. For example, one can use the notation “f,;” for the function — where the
subscript “Z” is the exact string over the language that “/”” denotes — or, for
the corresponding term, the notation of Whitehead and Russell (1912),

(D)(z, X1, .5 Xn) ®)

The “z” in (8) above is a bound variable.” This new type of term is read “the
unique z such that ...”.

This “.” is not one of our primitive symbols.! It is just meant to lead to the
friendly shorthand (8) above that avoids the ontology issue.

Thus, once one proves
A')D(z, X1, ..., Xn) 9
one can then introduce (8) by the axiom
Yy =), X1, X)) © C(Y, X150, Xn) (€))

which, of course, is an alias for axiom (5), using more suggestive notation for
the term fxi,..., x,.
By (9), axioms (5) or (5) can be replaced by

Q‘(fxl,---,xn,xh---,xn)
and

OOz, X1y oo ey Xn)s X1y e vv s Xp) (19)

respectively. For example, from (5") we get (10) by substitution. Now, Ax4
(with some help from FEryy) yields

OOz, Xty X)), X1y, X)) =
Y=, X1, X0) = O, X150 Xy)

Hence, assuming (10),

y =)@, x1,..., %) = OO, X1, ..., Xn) (11)

 That it must be distinct from the x; is obvious.

It is however possible to enlarge our alphabet to include “/”, and then add definitions of the
syntax of “i-terms” and axioms for the behaviour of “-terms”. At the end of all this one gets a
conservative extension of the original theory, i.e., any (-free formula provable in the new theory
can be also proved in the old (Hilbert and Bernays (1968)).
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Finally, deploying (9), we get

C)((LZ)C/;(Z, KXlyenns xn)» Xy xn) —
O, X1, Xy) = ¥y = (D)2, X1, ..., Xp)

Hence
Gy XtyeesXp) = ¥ = (2, X155 Xp)
by (10). This, along with (11), yields (5). O @

@ The indefinite article. We often have the following situation: We have proved a
statement like

3x).#[x] (1)

and we want next to derive a statement .%.

To this end, we start by picking a symbol ¢ notin.% and say “let ¢ be such that
2 [c]is true”.t That is, we add . Z [c] as a nonlogical axiom, treating ¢ as a new
constant. From all these assumptions we then manage to prove .7, hopefully
treating all the free variables of . Z[c] as constants during the argument. We then
conclude that .77 has been derived without the help of .#[c] or c (see 1.4.27).

Two things are noteworthy in this technique: One, ¢ does not occur in the
conclusion, and, two, ¢ is not uniquely determined by (1). So we have a c,
rather than the c, that makes . Z[c] true.

Now the suggestion that the free variables of the latter be frozen during the
derivation of .% is unnecessarily restrictive, and we have a more general result:

Suppose that

= @x). 2, y1,..00 yn) @)
Add a new function symbol f to the language L of T" (thus obtaining L’) via
the axiom

A Yns Vs Yn) (©)
This says, intuitively, “for any yq,..., y,, let x = fy;...y, make .Z(x,
Y1, .., Yp) true”. Again, this x is not uniquely determined by (2).

Finally, suppose that we have a proof

C+ . 2(fy1 .. Y, V1seees Y) =5 @)

T Cf. 114.1.
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such that f, the new function symbol, occurs nowhere in .%, i.e., the latter
formula is over L. We can conclude then that

% 5)

that is, the extension I' + _Z(fy; ... Yu, ¥1,- .., yn) of [ is conservative.

A proof of the legitimacy of this technique, based on the completeness
theorem, is easy. Let

Eo T (6)
and show
Em. % @)

Expand the model 9t = (M, .7) to ' = (M,.7”) so that.7” interprets the new
symbol f. The interpretation is chosen as follows:

(2) guarantees that, for all choices of i, ..., i, in M, the set S(iy, ..., i,) =
{aeM: |=oq 4@, 1),...,1,)} is not empty. By the axiom of choice (of in-
formal set theory), we can pick! an a(iy,...,i,) in each S(iy,..., i,). Thus,

we define a function f : M" — M by letting, for each iy,...,i, in M,
f(i],...,i,,):Cl(i],...,in).

The next step is to set
=7
Therefore, for all iy,...,i, in M,
(it i) = flir, i) = aliy, ... i)
It is now clear that =gy A (fy1 ... Yu, V1, -, Yn), for, by L5.11,
AT ) =t (Al )i ) =t

and the right hand side of the above is true by the choice of a(iy, . .., i,).

Thus, o T + . 2(fy1 .- Yu» Y15+ - -» Yn); hence gn .7, by (4).

Since . contains no f, we also have =gy .%; thus we have established (7)
from (6). We now have (5).

One can give a number of names to a function like f: A Skolem function,
an e-term (Hilbert and Bernays (1968)), or a 7-term (Bourbaki (1966b)). In
the first case one may ornament the symbol f, e.g., f3 », to show where it is
coming from, although such mnemonic naming is not, of course, mandatory.
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The last two terminologies actually apply to the term fy; ... y,, rather than to
the function symbol f.
Hilbert would have written

(ex) A (X, Y1+ s Yn) 3
and Bourbaki
(TX) A&, Y1 ..oy Yn) ®

each denoting fy;...y,. The “x” in each of (8) and (9) is a bound variable
(different from each ;). @@

1.7. Formalizing Interpretations

In Section 1.5 we discussed Tarski semantics. As we pointed out there (footnote,
p. 54), this semantics, while rigorous, is not formal. It is easy to formalize Tarski
semantics, and we do so in this section not out of a compulsion to formalize,
but because formal interpretations are at the heart of many relative consistency
results, some of which we want to discuss in this volume.

As always, we start with a formal language, L. We want to interpret its
terms and formulas inside some appropriate structure 9t = (M, .7). This time,
instead of relying on the metatheory to provide us with a universe of discourse,
M, we will have another formal language' L; and a theory ¥; over L; to supply
the structure.

Now, such a universe is, intuitively, a collection of individuals. Any formula
. (x) over L; can formally denote a collection of objects. For example, we
may think of .7 (x) as defining “the collection of all x such that .7 (x) holds”
(whatever we may intuitively understand by “holds”).

We have carefully avoided saying “ser of all x such that .Z(x) holds”,
since, if (for example) L; is an extension of the language of set theory, then
“the collection of all x such that x ¢ x holds” is not a set.* Intuitively, such
collections are of “enormous size” (this being the reason — again, intuitively —
that prevents them from being sets).

The fact that a formula . 7 (x) might formally denote a collection that is not a set
is perfectly consistent with our purposes. After all, the intended interpretation
of set theory has such a non-set collection as its universe. @

t The subscript “i” is a weak attempt on my part to keep reminding us throughout this section that
L; and ; are to implement an interpretation of L.
i Seell.2.1.
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The requirement that a universe be nonempty — or that it be true in the
metatheory that M # (J — translates to the formal requirement that ¥; can
syntactically' certify the nonemptiness:

b, (3x).7(x) ey

The primary interpretation mapping, .7, is similar to the one defined in L.5.1.
We summarize what we have agreed to do so far, “translating” Definition 1.5.1
to the one below.

1.7.1 Definition. Given a language L = (7", Term, WIf).

A formal interpretation of L is a 4-tuple J = (L;, %;, #(x),.7), where
L; = (77;, Term;, WHf;) is a first order language (possibly, the same as L), T
is a theory over L;, .7 (x) is a formula over L;, and .7 is a total mapping from
the set of nonlogical symbols of L into the set of nonlogical symbols of L;.

Moreover, it is required that the following hold:

(i) (1) above holds.
(ii) For each constant a of 7, a” is a constant of 7 ', such that F¢, #Z @”).
(iii) For each function f of 7, of arity n, f* is function of 7 ', of arity n,
such that

e, (1) N (X)) A+ N (X)) — .//é(f]x]xz ceeXp)

(iv) For each predicate P of 7", P is a predicate of 7 ';» of arity n. O

The conditions in 1.7.1(ii) and 1.7.1(iii) simply say that the universe {x : .7 } is
closed under constants (i.e., contains the interpreting constants, ) and under
the interpreting functions, 1.

Some authors will not assume that L; already has enough nonlogical symbols
to effect the mapping .7 as plainly as in the definition above. They will instead
say that, for example, to any n-ary f of L,.7 will assign a formula .4 (y, X,,)
of L; such that

ba, ) A - A AE) = A A Ay, E))

In view of our work in the previous section, this would be an unreasonably
roundabout way for us to tell the story.
Similarly, the results of Section 1.6 allow us, without loss of generality, to

always assume that the formula .Z in an interpretation J = (... , .7, ...) is
atomic, Px, where P is some unary predicate. @

 We thus substitute the syntactic, or formal, requirement of provability for the semantic, or infor-
mal, concept of truth.
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We next formalize the extension of .7 to all terms and formulas (cf. 1.5.5
and 1.5.6).

L.7.2 Definition. For every term ¢ over L, we define its relativization to .77, in
symbols a by induction on ¢:
a’ ift=a
7 =1z if t =z (avariable)
> W .
a7 ifr=fo.

where t1, ..., t, are terms over L, and f is an n-ary function of L. O
@A trivial induction (on terms ¢ over L) proves that +” is a term over L;.

L.7.3 Definition. For every .Z over L, we define its relativization to .7, in
symbols ., by induction on . Z:

7 =5" if.Z=t=s
y A . ’
) if.Z=Pt...t
A7 = (B if 4 =-%

(BT ) if Z=28ve
AN AN B7Y  if A =F).B

where s, 1,1, ..., t, are terms over L, and P is an n-ary predicate of L. O

The two definitions 1.7.2 and 1.7.3 are entirely analogous with the definition
of mixed mode formulas (1.5.17). The analogy stands out if we imagine that
“_#" is some kind of novel notation for “.Z [ ...]”. Particularly telling is
the last case (pretend that we have let M = {x : .Z(x)}, where M may or may
not be a set).

We have restricted the definition to the primary logical symbols Thus, e.g.,
just as (Vx).Z abbreviates —(3x)—.7, we have that ((Vx) A ) abbreviates

—(@x)=2) " i, ~@x) (A (x) A=~ 7)), or, interms of “¥7, (Vx)(. Z(x)

)
A trivial induction (on formulas . Z over L) proves that .2 is a formula
over L;.
We have defined in Section .5 the symbol =gy . Z(x1, ..., x,) to mean

Forallay,...,a,in M, Z[ay,...,a,] is true €))]

4

4



80 1. A Bit of Logic: A User’s Toolbox

Correspondingly, we define the formalization of (1) in J. Unfortunately, we will
use the same symbol as above, =. However, the context will reveal whether
it is the semantic or syntactic (formal) version that we are talking about. In
the latter case we have a subscript, =7, that is a formal interpretation (not a
metamathematical structure) name.

L.7.4 Definition. Let J = (L;, %;, .#(x),.7) be a formal interpretation for a
language L. For any formula . Z(xy, ..., x,) over L, the symbol

Ey A (X1, Xn) 2)
is short for
ba X)) AN MO A - N () = A0 Xn) 3)

The part “.Z(x1) A 2 (x3) A -+ AN #(x,) — in (3) is empty if .7 is a
sentence. g

We will (very reluctantly) pronounce (2) above “.Z(xy, ..., x,) is true in the
interpretation J”. Even though we have said “true”, the context will alert us to
the argot use of the term, and that we really are talking about provability — (3) —
here.

The following lemma is the counterpart of Lemma 1.5.11.

1.7.5 Lemma. Given terms s and t and a formula .7, all over L. Then
(s[x <« t” =s”[x <t and (Ax <ty "= A" x « 7).

@We assume that the operation [x < 7] is possible, without loss of generality. @

Proof. The details of the two inductions, on terms s and formulas . Z, are left
to the reader (see the proof of .5.11).

We only look at one “hard case” in each induction:

Induction on terms s. Lets = ftit,...t,. Then

(slx < )7 = (fti[x < 1]...tlx < t])7
= f7lx <ty .. (tulx < )7 byL72
=7t x <7 [x <+”]  bylH.
=" <17

=s”[x<t”] bylL72
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Induction on formulas 7. Let.7Z = (3w).% and w # x. Then
(Alx 17 = (@) < 11)
((Hw) PBx < t]) ” (recall the priority of [...])
= @u)(-Z@) A (Flx<1)7)  by173
- (aw)(./z(w) A B x — 17 ]) by LH.
= Qw)(AZ(w) A L7 )[x « 7] by w # x

((Elw)ﬁ’) “Ix < 17, by 1.7.3
O

We will also need the following lemma. It says that all “interpreting objects”
are in {x : .Z}.
1.7.6 Lemma. For any term t over L,
by D) A AN g) = (17 [7a]) )

where all the free variables of t are among the X,,.

Proof. We have three cases.

(a) t = a, a constant. Then the prefix “.Z(x1) A -+ A #(x,) = is empty
in (4), and the result follows from 1.7.1(ii).

(b) t = z, a variable. Then (4) becomes <, .Z(z) — #(2).

(©)t=ft;...t,. Now (4) is

ba, @D A - A ) = (78R8T 6)

To see why (5) holds, freeze the X, and add the axiom .7 = . Z(x|) A--- A
(x,) to %;. By the LH.,

>

Favn 27 [X]) fori=1,...,n

By tautological implication, substitution (I.4.12), and 1.7.1(iii), the above
yields

P AR 6 17)

The deduction theorem does the rest. O

We are ready to prove our key result in this connection, namely soundness.
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L.7.7 Theorem. Let 3 = (L;,%;, 7#,.7) be a formal interpretation of a lan-
guage L. Then for any .7 € A over L (cf. 1.3.13),

'Zj ',.%(X], e 7xn)

Proof. We want
ba, @) A - A () = Ax LX) (6)
for all % € A. We have several cases.

Axl. Let . #(X,) be a tautology. As the operation . ..”” does not change the
Boolean connectivity of a formula, so is . Z”(X,). Thus, (6) follows by
tautological implication.

Ax2. Let 4(X,y,2) = B, t(%,y),2) — Qw). B, w,z). By L7.5,
AT D= G ), D~ Qu)(Aw) A5G w, D))
By L.7.6,

b, M)A AT A = (7, F)) @)
Since
A EG ) AN BG EAEL ), ) — (aw)(//g(w) ABG, w, 2))
is in A over L;, (7) and tautological implication yield
b, LX) N - NN -+ —
BUE G ), 2) - (Elw)(./%(w) A B w, Z))
One more tautological implication gives what we want:

ba, MED)A - AAG)N - ANE)A - = 27F,5,7)

Ax3. Let Z(x) = x = x. We want ¢, .#(x) — x = x, which holds by
tautological implication and the fact that x = x is logical over L;.

Ax4. Here Z[X,] =t =5 — (L[x < t] < L[x < s]), where X, includes
all the participating free variables. Thus, using 1.7.5, (6) translates into

bFe, (1) N N (X)) — —
N (ﬁ//[x - t'//] o .ﬁ'//[x -y //])

which holds by tautological implication from the instance of the Leibniz
axiomover L;, t7 =57 — (B [x < t7] < B7[x <~ s7]). O

VA

I have used above abbreviations such as “. %% — _#-"*” for the abbreviation

B — A7, etc.

We next direct our attention to some theory ¥ over L.

4
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L.7.8 Definition. Let T be atheory over L andJ = (L;, %;, .7 ,.7) be a formal
interpretation of L over the language L;.

We say that J is a formal interpretation of the theory (or a formal model
of the theory) T just in case, for every nonlogical axiom .7 of %, itis =5 .7
(cf. 1.7.4). O

1.7.9 Theorem (Formal Soundness). If 7 = (L;,%;, .7,.7) is a formal in-
terpretation of the theory X over L, then, for any formula .2 over L, b« .72
implies =5 . O

Proof. We do induction on T-theorems. For the basis, if . Z is logical, then we
are done by 1.7.7. If it is nonlogical, then we are done by definition (1.7.8).

Assume then that - .% — .7 and < .%, and let X,, include all the free
variables of these two formulas. By the .H.,

o XN N (xy) = 57— 27
and
b, X)) A - A (X)) — B
The above two and tautological implication yield
ba, M)A A (X)) = A7

Finally, let it be the case that . Z = (3z).# — 7, where z is not free in 7,
and moreover ¢ .% — ¥ Let z, X, — distinct variables — include all the free
variables of .7 — Z.

By the IL.H.,

ba, M@ NME) N N () = B — 7
Hence (by tautological implication)
b, () NS T H(x)) = = (k) > C
By 3-introduction,
Fe, QAR NBT) > H(x1) = = ) —> T
Utilizing tautological implication again, and Definition 1.7.3, we are done:
ba A A - A A = (F).5) T — 77 0

It is a shame to call the next result just a “corollary”, for it is the result on
which we will base the various relative consistency results in this volume (with
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the sole exception of those in Chapter VIII, where we work in the metatheory,
mostly).

The corollary simply says that if the theory, ¥;, in which we interpret ¥ is
not “broken”, then ¥ is consistent. This is the formal counterpart of the easy
half of Godel’s completeness theorem: If a theory ¥ has a (metamathematical)
model,! then it is consistent.

1.7.10 Corollary. Let J = (L;,%;, .7, .7) be a formal model of the theory ¥
over L. If T; is consistent, then so is %.

Proof. We prove the contrapositive. Let T be inconsistent; thus
Fe—x =x
By L.7.9, bz, #(x) — —x = x; thus, by 1.4.23,
Fe, (3x) #(x) - (Ax)—x = x

Since k<, (3x).#(x) by 1.7.1, modus ponens yields -z, (3x)—x = x, which
along with <, (Vx)x = x shows that ¥; is inconsistent. O

We conclude the section with a brief discussion of a formal version of
structure isomorphisms. In the case of “real structures” 9t = (M, ...) and
N = (N, ...), we have shown in volume 1 thatif ¢ : M — N is a 1-1 cor-
respondence that preserves the meaning of all basic symbols, then it preserves
the meaning of everything, that is, if .Z is a formula and «, b, ... are in M,
then =op .~ [[a, b, ... ] iff Ex A2 [ ¢a), p(b), ... 1.

We will use the formal version only once in this volume; thus we feel free
to restrict it to our purposes. To begin with, we assume a language L whose
only nonlogical symbols are a unary and a binary predicate, which we will
denote by U and € respectively (we have set theory in mind, of course). The
interpretations of L whose isomorphisms we want to define and discuss are
J=WU,%, #,7)and J = (L;,%;,.)", 7). Note that T; and L; are the
same in both interpretations.

Let now ¢ be a unary function symbol in L;. It is a formal isomorphism of
the two interpretations iff the following hold:

(D) Fg, A x) > @y)(#Z(y) Ax =¢(y)) (“ontoness”)
(2) kg, )N () = (x =y < ¢p(x) =P(y)) (“I-Iness™)

T It is a well-established habit not to doubt the metatheory’s reliability, a habit that has had its
critics, including Hilbert, whose metatheory sought “reliability” in simplicity. But we are not
getting into that discussion again.

¥ The — half of <> we get for free by an application of the Leibniz axiom.
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(3) kg, #(x) > (U7 (x) < U’ (¢(x)) (“preservation of U”)
4 b, HX)YNM(y)— (x e’y px)e -”"kp(y)) (“preservation of €”)

If L contains a constant ¢, then we must also have d)(c“/z ) = ¢ This is
met in our only application later on by having ¢ = ¢ = ¢’ and ¢(c) = c.

1.7.11 Remark. In what follows we will present quite a number of formal
proofs. It is advisable then at this point to offer a proof-writing tool that will,
hopefully, shorten many of these proofs.

Whenever the mathematician is aware (of proofs) of a chain of equivalences
such as

7%1 <> Az, 7?52 <> A3, 7?‘//3 <> A4, ey .,7%”71 <> An
he often writes instead
Ay > Ay Az Ay oo A, o A,

i.e., abusing notation and treating “<” conjunctionally rather than (the correct)
associatively. This parallels the (ab)uses

a<b<c for a<bandb <c
and
a=b=c for a=bandb=c
Of course, such a chain also proves .7, <> A, by tautological equivalence.
Moreover, ., is provable iff .7 is (by tautological implication).

More generally, the chain may involve a mix of “<” and “—”. Again tau-
tological equivalence yields a proof of 4, — _Z, this time.

Dijkstra and Scholten (1990), Gries and Schneider (1994), and Tourlakis
(2000a, 2000b, 2001) suggest a vertical layout of such chains and say that such
a chain constitutes a calculational proof:

2
<~ or — <annotation/reason>

< or — (annotation/reason>

<~ or — <annotation/reason>

n

t We write “U~”*” rather than “U-” ”, as this will be the habitual notation in the context of set
theory.



86 1. A Bit of Logic: A User’s Toolbox

from which
Fr ) — A2,
follows, where .7 is the theory within which we reasoned above.
Moreover, if -7 .7, then also - .Z, by modus ponens. | @

We can now prove:

1.7.12 Lemma. Let L be alanguage with just U and €, above, as its nonlogical
symbols, and let ¢ be a formal isomorphism of its two interpretations J =
(L, %, #,7)and J = (L;,%;, V", 7) in the sense of (1)—(4). Then, for
every formula . 7(x,) over L,

Fa AED A A ) = (277G o A (@), $))
Proof. Induction on formulas. For the atomic ones the statement is just (2)—(4)

above. We skip the trivial V and — cases and look into . Z(X,,) = (3y).Z(y, X,).
First,

A1) = AN ATy, 3) 5)
and

AP, ) = @O A B (3, 91, -, (1)) (6)

We now freeze the X, and work in X; + . Z(x1) A - -+ A . (x,). We calculate
as follows:

AN YA LT, D), ... (xn))
o <by (1) and Leibniz rule; z a new Variable)
@(EI( 2@ Ay =d@) A (G5 9(x0))
- <newness of z)
AV (A2 Ny = ¢ A B (v, p(x1), ..., (xn)))
o <0ne point rule (1.6.2) and Leibniz rule>
) (A2 A B (D), px1), - ..., P(xn)))
o <I.H. and Leibniz rule)
Q) (A () N Bz, %)
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The top line of our calculation is (6), while the bottom is (5) (within bound
variable renaming); thus we are done by the deduction theorem. O

1.8. The Incompleteness Theorems

This brief section is only meant to acquaint the reader with what Godel’s in-
completeness theorems are about. The second theorem in particular is one that
we will invoke a number of times in this volume; therefore it is desirable to
present here the statements of these two theorems and outline, at the intuitive
level, what makes them tick. A full exposition and complete proofs for both
theorems can be found in our companion volume Mathematical Logic.

Now, Godel’s completeness theorem asserts the adequacy of the syntactic
proof apparatus for characterization of “truth”. On the other hand, his incom-
pleteness theorems assert the inadequacy of this syntactic apparatus for captur-
ing “truth”. The contradiction is only apparent. Completeness says that truth
of a formula in all concrete worlds (all models) of a first order theory can be
adequately captured — the formula is provable. Incompleteness addresses truth
in one world. Often such a world is the one that matters: The intended or natural
model of a theory that we want to study axiomatically. A formula of the theory
that is true (in the Tarski semantics sense) in the intended model is, naturally,
called really true. An example of such a special world is our familiar structure,
N = (N; S, +, x; <;0). Peano arithmetic is the associated formal theory that
attempts to characterize this structure.

The first incompleteness theorem in its semantic version says that Peano
arithmetic, or indeed any reasonably well-constructed extension, cannot do a
very good job of proving all the formulas that are really true (in 91). It misses
infinitely many. Hence the term “incompleteness”, or, more emphatically, “in-
completableness”, the latter because we cannot make incompleteness go away
by throwing axioms at it.

Let us dispense with some terminology before we can actually state and
discuss the theorems.

L.8.1 Definition. The language for Peano arithmetic we denote by L. It has
the nonlogical symbols listed below along with their intended interpretations,
where boldface denotes the formal symbol while lightface denotes the “real”
(metamathematical) symbol:

(1) S (successor): SM =S, where S(x) = x + 1 forallx ¢ N
(2) + (addition): +"'=+
(3) X (multiplication): XM = x
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(4) < (less than): <M=<
(5) 0 (zero): 0 =0

The abbreviation 7 is pronounced the numeral n, and it stands for

S...50
——_——

n of them

As they are metamathematical abbreviations, we are not using boldface type
for numerals. O

L.8.2 Definition. A theory I' (this names the set of nonlogical axioms) over Ly
is correct over N just in case . Z € " implies = . 2.

That is, all its nonlogical axioms are true in 91 (or really true, if 9t happens
to be the intended model). a

The term correct is used by Smullyan (1992). Some authors say “sound”, but
this is not as apt a terminology, for sound means something else: All first order
theories are sound, but some theories over Lg; — although sound — may fail to

be correct. @

1.8.3 Definition. A theory ¥ over some language L is simply complete, or just
complete, iff, for all sentences .Z over L, we have at least one of < .-Z and
|_‘I = A.

It is simply incomplete, or just incomplete, otherwise. An incomplete theory
thus fails to decide at least one sentence .2 over L, that is, neither -5 .Z nor
< —.7 holds.

Such an .7 is called an undecidable sentence. O

Pause. Why “sentence”? Why not define the above concepts (complete, etc.)
in terms of arbitrary formulas over L?

Thus, in the case of an incomplete theory and for any particular one of its
models — including the intended one — there is at least one sentence of the
language which is (Tarski-)true in said model, but is not provable. Such is any
undecidable sentence .7, for it or =7 must be true in any given model.

An inconsistent theory is complete, of course. @

1.8.4 Definition. A theory T in the language of Peano arithmetic, L, is
w-consistent just in case there is no formula .Z(x) over Lo such that all of
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the following hold:
Fg = A2(1) foralln € N
and F5 (3x). Z(x). Otherwise it is w-inconsistent. O

An w-consistent theory fails to prove something over its language; thus it is con-
sistent. The converse is not true, a fact first observed by Tarski. This observation
is a corollary of the techniques applied to prove Godel’s (first) incompleteness
theorem (see our companion volume for the full story). @

We can now state:

L.8.5 Theorem (First Incompleteness Theorem, Semantic Version). Any
correct extension of formal Peano arithmetic, effected in such a manner that
the new set of axioms remains recognizable, will fail to prove at least one really
true sentence.

It follows that any such extension is a simply incomplete theory.

By “a set A is recognizable” we mean that we can solve the membership prob-
lem, “x € A?”, by algorithmic, or mechanical, means. That is, in our case here,
we can test any formula and find out, in a finite number of steps, whether it is
an axiom or not. The technical term is recursive, but we do not intend to get
into that here."

The first word in the theorem is very important: “any”. It shows that the
theory (Peano arithmetic) is not just incomplete (take the trivial extension that
adds nothing) but, indeed, incompletable: For, add to Peano arithmetic one
really true sentence that it fails to prove. This effects an extension that is correct
(why?) and constitutes a recognizable set of axioms. Repeat now, adding a
really true sentence that this theory cannot prove. And so on.

In particular, this says that each of these extensions misses not one but in-
finitely many really true sentences (after all, we are effecting an infinite sequence
of extensions; after each extension there are infinitely many more to go). @

Why is Godel’s theorem true? The idea (in Godel’s original proof) is very
old, based on games ancient Greek philosophers liked to play: The so-called

T A fair amount of recursion theory is covered in volume 1, Mathematical Logic, where, in partic-
ular, recursive sets are defined and studied.
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“liar’s paradox”.t Through an ingenious arithmetization of the language Godel
managed to construct a sentence .2 whose natural interpretation said “I am not
a theorem”.

Let us see then if Peano arithmetic (or a correct and recognizable extension?)
can prove .&. Well, if it can, then — by correctness and soundness’ — & is really
true, i.e., it is not a theorem. This contradicts what we have just assumed.

So it must be that & is not a theorem.

But then, ¢ is really true, for it says just that. We found a true sentence, &,
that is not provable.

We have more. Since the theory is correct (and sound), and =¥ is really
false, this latter sentence is not provable. Thus the theory (as extended) is simply
incomplete; ¢ is undecidable.

Where have we used, in the above argument, the part of the assumptions that
requires the set of nonlogical axioms to be recognizable? We actually did not
use it explicitly, since our argument was too far removed from the level of detail
that would exhibit such dependences on assumptions.

Suffice it to say that, among other things, the assumption on recognizability
prevents us from cheating — thus invalidating Godel’s theorem: Why don’t we
just add all the really true sentences to the set of axioms and form a complete
extension of Peano arithmetic? Because the recognizability assumption does
not allow this. Such an extension results to a non-recognizable set of axioms
(cf. volume 1).

There is another way to look at the intuitive reason behind the incompletable-
ness phenomenon. This relies on results of recursion theory. Imagine beings
who live in a world where set theorists call a set countable just in a case a
mechanical procedure, or algorithm, exists to enumerate all the set’s members,
possibly with repetitions. Such beings call any set that fails to be enumerable
in this manner uncountable. Intuitively, in the eyes of the inhabitants of this
world, this latter type of set has far too many objects.

In this world the set of theorems of any extension of Peano arithmetic, by
an arbitrary recognizable set of new axioms, is countable. The reason can be
seen intuitively as a consequence of the recognizability of the set of nonlogical

T Attributed to Epimenides. He, a Cretan, said: “All Cretans are liars”. So, was his statement true?
Godel’s proof is based on a variation of this. A person says: “I am lying.” Well, is he, or is he
not?

f The exact form of & depends on the extension at hand.

§ Soundness we have for free. Correctness guarantees the real truth of the nonlogical axioms.
Soundness extends this to all theorems.
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axioms. This property allows us to build systematically (algorithmically) an
infinite list' of all theorems.

Digression. Here is how. To simplify matters assume that the alphabet of the
language Ly is finite (for example, variables are really the strings

v|...|v
n+1

denoting what we may call v,, for n > 0, built from just two symbols, “v”” and
“I7).

We convert every proof into a single string by adding a new symbol to our
alphabet, say #, which is used as a separator and “glue” — between formulas —
as we concatenate all the formulas of a proof into a single string, from left to
right. We will still call the result of this concatenation a “proof™.

‘We now form two separate infinite lists, algorithmically. The first is the list of
all strings over the alphabet of L, as the latter was augmented by the addition
of #. This listing can be effected by enumerating by string length, and then,
within each length group, lexicographically (alphabetically).t

The second list is built as follows. Every time a string A is put in the first
list, we test algorithmically whether or not A is a proof. We can do this, for,
firstly, we can recognize if it is of the right form, that is,

A#AH .. #A,

where each A; is a nonempty string over L.

Secondly, if it is of the right form, we can then check whether indeed A is a
proof: Whether or not A; is the result of a primary rule of inference applied to
A; (and possibly to Ay) for somei < j (and k < j) can be determined from the
form of the strings A, A;, and Ag. The same is true of whether A; € A or not.
Finally the recognizability assumption means that we can also check whether
or not A; is nonlogical.

If (and only if) A passes the above test, i.e., it is a proof, then we add its last
formula (the one to the right of the rightmost #) to the second list.

Now, it turns out that in such a world the set of all really true sentences of
arithmetic is uncountable (this is proved in volume 1). Thus, there are infinitely
many really true sentences that are not provable, no matter which theory (that

T One can “build an infinite list algorithmically” is jargon that means the following: One has an
algorithm which, for any n € N, will generate the nth element of the list in a finite number of
steps.

¥ We assume that we have fixed an alphabetical order of the finitely many symbols of our alphabet.
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produces a countable set of theorems) we have constructed on top of Peano

arithmetic.t @

While Godel worked with the & that says “I am not a theorem”, his result
was purely syntactic. We state it without proof below.

1.8.6 Theorem (First Incompleteness Theorem, Syntactic Version). Any
w-consistent extension of formal Peano arithmetic, effected in such a manner
that the new set of axioms remains recognizable, has undecidable sentences, and
thus is a simply incomplete theory. In particular, one can construct a formula
& which says “I am not a theorem of this theory”. This formula is undecidable.

1.8.7 Remark. In Godel’s proof simple (ordinary) consistency suffices to prove
the unprovability of . w-consistency is called upon to prove that =% is not a
theorem either. O @

With a different 2" (let us call it ), Rosser extended 1.8.6 to the following
result:

1.8.8 Theorem (Godel-Rosser Incompleteness Theorem). Any (simply) con-
sistent extension of formal Peano arithmetic, effected in such a manner that the
new set of axioms remains recognizable, has undecidable sentences and thus is
a simply incomplete theory.

We already mentioned that w-consistency is strictly stronger than consistency.
Similarly, it can be seen, once the details of the Godel argument are laid out,
that correctness is strictly stronger than w-consistency (cf. volume 1). @

The second incompleteness theorem of Godel is, more or less, a formalization
of the first. In plain English, it says that one of the really true sentences that Peano
arithmetic — or, for that matter, any consistent and recognizable extension —
cannot prove is its own consistency.

T Itis straightforward to see that if there were only finitely many really true sentences that the formal
system missed, these could be put into a finite table 7', which we can check for membership,
trivially. But then, we have an algorithm that can check a formula for membership in the set union
between the theory’s axioms and 7 (just search the table; if not found there, then search the set
of nonlogical axioms). Thus, adding the formulas of T to the theory, we have an extension with
a recognizable set of axioms. This new theory trivially has all the formulas in 7" as theorems.
Hence it has all the really true formulas as theorems (7 is all that the original theory missed),
contradicting the fact that this set is uncountable, while the set of theorems is still countable.
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This fact showed that Hilbert’s finitary techniques, in the metatheory, were inad-
equate for his purposes: Intuitively, finitary techniques are codable by integers
and therefore can be expressible and usable in formal Peano arithmetic.

Now we have two conflicting situations: Hilbert’s belief that finitary tech-
niques can settle the consistency (or otherwise) of formal theories has had as
a corollary the expectation that Peano arithmetic could settle (prove) its own
consistency (via the formalized finitary tools used within the theory). On the
other hand, Godel’s second incompleteness theorem proved that this cannot be
done.

1.8.9 Theorem (Godel’s Second Incompleteness Theorem). Any (simply)
consistent extension of formal Peano arithmetic, effected in such a manner
that the new set of axioms remains recognizable, is unable to prove its own
consistency.

The detailed proof takes several tens of pages to be fully spelled out (cf. vol-
ume 1). However, the proof idea is very simple: Let us fix attention on an
extension .7~ as above, and let “Con” be a sentence whose natural interpreta-
tion (over 1) says that .7 is consistent. Let also . be the sentence that says “I
am not a theorem of .7 .

Now, Godel’s first theorem (partly) asserts the truth (over 9t) of

Con —» & H
i.e., “if .7 is consistent, then £ is true — hence, is not provable, for it says just

that”.

The quoted sentence above is correct, for w-consistency came into play only
to show that Godel’s & was not refutable. This part of the first theorem is not
needed towards the proof of the second incompleteness theorem.

Imagine now that we have managed to formalize the argument leading to (1)
so that instead of truth in 9% we can speak of provability in .7 :f
7 Con — &

It follows that if - Con, then I % by modus ponens, contradicting the first
incompleteness theorem.

 While this is in principle possible — to formalize the argument that leads to the truth of (1) —
this is not exactly how one proves the deducibility of (1), and hence the second incompleteness
theorem, in practice.

4

4
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1.8.10 Remark. The contribution of Peano arithmetic is that it allows one
to carry out Godel’s arithmetization formally, and to speak about provability,
within the formal theory. In particular, it allows self-reference.’

Clearly, this machinery exists in all consistent (and recognizable!) extensions
of Peano arithmetic. It also exists in formal theories that may not be, exactly,
extensions but are powerful enough to “contain”, or, more accurately, simulate
Peano arithmetic. Such a theory is ZFC set theory. Clearly it is not an extension,
for the languages do not even match. However we can see that since ZFC is the
foundation of all mathematics, in particular one must be able to do arithmetic
within ZFC.$

Thus the incompletableness phenomenon manifests itself in ZFC as well. In
particular, ZFC has undecidable sentences (first incompleteness theorem), and
it cannot prove its own consistency (second incompleteness theorem).¥ O

1.9. Exercises

L.1. Prove that the closure of .7 = {3} under the two relations z = x + y and
z=x — yistheset {3k : k € Z}.

I.2. The pair that effects the definition of Term (I.1.5, p. 13) is unambiguous.

L.3. The pair that effects the definition of WIf (I.1.8, p. 15) is unambiguous.

L.4. With reference to 1.2.13 (p. 26), prove that if all the g and £ are defined
everywhere on their input sets (i.e., they are “total”), that is, .7 for h
and A x Y for gp and (r 4 1)-ary Q, then f is defined everywhere on
CI(.7, .72).

L.5. Prove that for every formula .Z in Prop (I1.3.2, p. 29) the following is

true: Every nonempty proper prefix (I.1.4, p. 13) of the string A has an
excess of left brackets.

—

Briefly, imagine that through arithmetization we have managed to represent every formula, and
every sequence of formulas, of Loy by a numeral. Godel defined a formula 7°(x, y) which “says”
that the formula coded x is provable by a proof coded y. Self-reference allows one to find a
natural number 7 such that the numeral 7 codes the formula —(3y)7°(1, y). Clearly, this last
formula says that “the formula coded by 7 is not a theorem”. But it is talking about itself, for 7
is its own code. In short, & = —=(3y) 2, y).

¥ Recognizability is at the heart of being able to “talk about™ provability within the formal
theory.

More concretely, and without invoking faith, one can easily show that there is an interpretation,
in the sense of Section 1.7, of Peano arithmetic within ZFC. This becomes clear in Chapter V,
where the set of formal natural numbers, w, is defined.

The formal statement of the incompleteness theorems starts with the hypothesis “If ZFC is
consistent”.

wn

Y
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Prove that any non-prime . Z in Prop has uniquely determined immediate
predecessors.

For any formula .Z and any two valuations v and v, #(_.2) = v'(.Z) if v
and v’ agree on all the propositional variables that occur in . #Z.

Prove that . Z[x < t] is a formula (whenever it is defined) if ¢ is a term.

Prove that Definition 1.3.12 does not depend on our choice of new vari-
ables z,.

Prove that - (Vx)(Vy).Z < (Vy)(Vx).Z.
Prove 1.4.23.
Prove 1.4.24.

(1) Show that x < y - y < x (< is some binary predicate symbol; the
choice of symbol here is meant to provoke).

(2) Show informally thattf x <y — y < x
(Hint. Use the soundness theorem.)

(3) Does this invalidate the deduction theorem? Explain.

Prove 1.4.25.

Suppose that " ¢, = s; fori = 1,..., m, where the ¢;, s; are arbitrary
terms. Let.” be a formula, and .7’ be obtained from it by replacing any
number of occurrences of #; in.% (not necessarily all) by s;. Prove that
'-7 < .7".

Suppose that I' - t;, = s; fori = 1,..., m, where the #;, s; are arbitrary
terms. Let 7 be a term, and »’ be obtained from it by replacing any number
of occurrences of #; in r (not necessarily all) by s;. Prove that ' = r = /.

Settle the “Pause” following 1.4.21.

Prove 1.4.27.

Prove that-x =y — y = x.

Prove thatFx = yAy=7z—> x =1z.

Prove (semantically, without using soundness) that.Z = (Vx). 4.

Suppose that x is not free in .Z. Prove that - .2 — (Vx).Z and
F@x). 2 — A2

Prove the distributive laws:
F(VX)(AZ ANB) < (Vx) A4 ANNx)SB and
F@Ex)(AV.FB) @x).AV(@Ex)7.

Prove - (Ax)(Vy).Z — (Vy)(Ix).Z with two methods: first using the
auxiliary constant method, next exploiting monotonicity.
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1.25. Prove - (3x)(.%Z — (Vx).2).

In what follows let us denote by A; the pure logic of Section 1.3 (I.3.13
and 1.3.15). Let us now introduce a new pure logic, which we will call A,.
This is exactly the same as Aj, except that we have a different axiom group
Ax1. Instead of adopting all tautologies, we only adopt the following four
logical axiom schemata of group Ax1:t

) AN A4 —> A

Q) A — AND

B) AL > BN A

@) (A —>B)—> (TN A—>CVR)

A, is due to Hilbert (actually, he also included associativity in the axioms,
but, as Gentzen has proved, this was deducible from the system as here given;
therefore, it was not an independent axiom — see Exercise 1.35). In the exercises
below we write ; for,., i =1, 2. @

1.26. Show that for all . and set of formulas I', if I" -, .%# holds then so does
-, .7.

Our aim is to see that the logics A; and A, are equivalent, i.e., have exactly the
same theorems. In view of the trivial Exercise 1.26 above, what remains to be
shown is that every tautology is a theorem of A,. One particular way to prove
this is through the following sequence of A,-facts. @

1.27. Show the transitivity of — in Aj:
A= B, B —> Ty A—> 7 forall %, %, and 7.

L.28. Show that -, .2 — .7 (i.e., - =% v .Z) for any . 2.
1.29. For all .7, .% show that b, .2 — % Vv 2.

1.30. Show that forall . Z and .%, 72 by BB — 4.

1.31. Show that for all .4, F; =——. %4 — Z and b, A4 — —— 2.

1.32. Forall. Z and.%, show thatt, (72 — %) — (=% — —.#).Conclude
that 2 — B+ =B — — 4.
(Hint. &y A — ——.2.)

1.33. Show that .2 — B\ (B — &) — (4 — &) forall A4, 7, %.

T —and Vv are the primary symbols; —, A, <> are defined in the usual manner.
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L.34. (Proof by cases in A;.) Show for all .7, . %, ¢, &,
A —=> B> Dy ANE — BVYD

1.35. Show for all .2, .77, % that
DOy 2NV (BNVE)—> (AN F)V E and
QD (AN BYNE — 2N(BNVE).

1.36. Deduction theorem in “propositional” A,. Prove that if ', .72 +, %
using only modus ponens, then also I' &, .72 — % using only modus
ponens, for any formulas .7, % and set of formulas I".

(Hint. Induction on the length of proof of .% from I' U {7}, using the
results above.)

1.37. Proof by contradiction in “propositional” A,. Prove that if T", = 7
derives a contradiction in A, using only modus ponens,’ then I +, .7
using only modus ponens, for any formulas . Z and set of formulas T".
Also prove the converse.

We can now prove the completeness theorem (Post’s theorem) for the “propo-
sitional segment” of A,, that is, the logic, A3 — so-called propositional logic
(or propositional calculus) — obtained from A, by keeping only the “proposi-
tional axioms” (1)—(4) and modus ponens, dropping the remaining axioms and
the 3-introduction rule.

Note. Itis trivial thatif ' -3 7, thenT" b, 2.

Namely, we will prove that, for any .Z and ', if I’ =y .72, then T b3 2.
First, a definition:

L.9.1 Definition (Complete Sets of Formulas). A set I' is complete iff for
every .7, at least one of ..Z or —.7 is a member of I. O @

L.38. LetI" t/5 _Z. Prove that there is acomplete A 2O T" suchthatalso A t/5 2.
This is a completion of T'.
(Hint. Let 7, .7 |,.7 5, ... be an enumeration of all formulas. There is
such an enumeration, right?
Define A, by induction on n:

Ag=T

{An U7, if A, U7, s A
Al‘l+1 =

A, U{=7 ) otherwise

T That is, it proves some . % but also proves —. 7.
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To make sense of the above definition, show the impossibility of having
both A, U {7 ,} b3 .2 and A, U {—=.7,} I3 7. Then show that A =
=0 A is as needed.)

(Post)IfT' =.7,then T 3 .Z.

(Hint. Prove the contrapositive. If ' t/3 .#, let A be a completion
(Exercise 1.38) of I" such that A /5 .Z. Now, for every prime formula
(cf. 1.3.1, p. 29) &, exactly one of 7 or =7 (why exactly one?) is in A.
Define a valuation (cf. 1.3.4, p. 30) v on all prime formulas by

0 if7e A
1 otherwise

v(P) = {

Of course, “0” codes, intuitively, “true”, while “1” codes “false”.

To conclude, prove by induction on the formulas of Prop (cf. 1.3.2, p. 29)
that the extension of v, v, satisfies, for all formulas .%, v(.%) = 0 iff
B € A. Argue that .7 ¢ A.)

If T =maut . %, then T -, 2.

For any formula.” and set of formulas I', ' - .7 iff " -, .7

Compactness of propositional logic. We say that I' is finitely satisfiable (in
the propositional sense) iff every finite subset of I' is satisfiable (cf. 1.3.6,
p- 31). Prove that I is satisfiable iff it is finitely satisfiable.

(Hint. Only the if part is non-trivial. It uses Exercise 1.39. Further hint: If
I" is unsatisfiable, then I' E=raut .2 A —.% for some formula . 2.)



II

The Set-Theoretic Universe, Naively

This volume is an introduction to formal (axiomatic) set theory. Putting first
things first, we are attempting in this chapter to gain an intuitive understanding
of the “real” universe of sets and the process of set creation (that is, what we
think is going on in the metatheory). After all, we must have some idea of what
it is that we are called upon to codify and formally describe before we embark
upon doing it.

Set theory, using as primitives the notions of set (as a synonym for “collec-
tion”), atom (i.e., an object that is not subdivisible, not a collection), and the
relation belongs to (€), has sufficient expressive power to serve as the foun-
dation of all mathematics. Mathematicians use notation and results from set
theory in their everyday practice. We call the sets that mathematicians use the
“real sets” of our mathematical intuition.

The exposition style in this chapter, true to the attribute “naive”, will be rather
leisurely to the extent that we will forget, on occasion, that our “Chapter 0”
(Chapter I) is present.f

I1.1. The “Real Sets”

Naively, or informally, set theory is the study of collections of “mathematical
objects”.

I1.1.1 Informal Description (Mathematical Objects). Set theory is only in-
terested in mathematical objects. As far as set theory is concerned, such objects

T It is our experience that readers of books like this one often choose to ignore “Chapter 0” initially.
Invariably they are compelled to acknowledge its existence sooner or later in the course of the
exposition. This will probably happen as early as Chapter III in our case.

99
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are either

(1) atomic — let us understand by this term an object that is not a collection of
other objects — such as a number or a point on a Euclidean line, or
(2) collections of mathematical objects. O

The foregoing description of “mathematical object” is inductive — describing
the notion in terms of itselff — and, as all inductive descriptions do, it implies
a formation of such objects, from the bottom up, by stages (cf. 1.2.9). That
is, we start with atoms.* We may then collect atoms to form all sorts of first
level collections, or sets as we will normally say. We may proceed to collect
any mix of atoms and first-level sets to build new collections — that is, second
level sets — and so on. Much of what set theory does is to attempt to remove the
fuzziness from the foregoing description, and it does so by logically developing
the properties of these sets.

II.1.2 Example. Thus, at the beginning we have all the level-0, or type-O0,
objects available to us. For example, atoms such as 1, 2, 13, /2 are available.
At the next level we can include any number of such atoms (from none at all
in one extreme, to all available atoms in the other extreme) to build a set, that
is, a new mathematical object. Allowing the usual notation, i.e., listing within
braces what we intend to include, we may cite a few examples of level-1 sets:

L1-1. {}. Nothing listed. This set has the standard notation ¢, and is known as
the “empty set”.

L1-2. {1}.

L1-3. {1, 1}.

L1-4. {1,2}.

L1-5. {~/2,1}.

Pause. Are the sets that we have displayed under L.1-2 and L.1-3 the same?
(I mean, equal?) Same question for the sets under L.1-4 and L1-5. Our “un-
derstanding” is — gentle way of saying “we postulate” — that set equality is

—

Taking for granted an understanding of the terms “atom” and “collection” as intuitively self-
explanatory, we use them to describe the objects that set theory studies. We are purposely leaving
out a description of what “mathematical” is supposed to mean. Suffice it to say that experience
provides numerous examples of mathematical objects, such as numbers of all sorts, points, lines,
vectors, matrices, groups, etc. Of course, one needs an experiential understanding of atomic
mathematical objects only, since all the others are built from those as described in IL.1.1.
Atoms are very often called “urelements”, pronounced “ar-élements” — an anglicized form of the
German word Urelemente — “primeval elements”.

-+
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“forgetful of structure” such as repetition or permutation of elements. This un-
derstanding will soon be formally codified by choosing an appropriate axiom
for set equality.

We already can identify a few level-2 objects, using what (we already know)
is available.

@Note how the level of nesting of { }-brackets matches the level of the objects. @

L2-1. {#}.
L2-2. {1, {1}}.
L2-3. {{~/2, 1}}. 0

I1.1.3 Informal Definition. A set is a non-atomic mathematical object, as the
latter is described in II.1.1 (p. 99). d

The above is not a mathematical definition, because it is not precise. It is only
an understanding on which we will subsequently base our choice of axioms.
We do not need to attempt to search for the “real, definitive ontology” of sets
(whatever that may mean) in order to do set theory, any more than we bother to
search for the real ontology of “number” or “point” before we allow ourselves
to do number theory or geometry, respectively.

From the mathematical point of view we are content to have tools (axioms
and rules of logic) that tell us how sets behave rather than what sets are —
entirely analogously with our attitude towards points and lines when we do
axiomatic geometry, or towards numbers when we do axiomatic arithmetic
(see, for example, our development of Peano arithmetic in volume 1 of these

lectures). @

Nevertheless, we will accept throughout this volume the previous (inductive)
intuitive description of sets (II.1.3), doing so not because of some deep philo-
sophical conviction, but in the sense that we will let this accepted' ontology
guide us to choose reasonable axioms.

T It cannot be emphasized strongly enough that “accepted” is a very important verb here. Different
descriptions/ontologies of sets may be possible — for example, one that denies Principle 1 below.
Compare with the similar situation in geometry. It is possible to imagine different types of
geometry — Euclidean on one hand, and various non-Euclidean ones on the other — but one is free
to say “I will accept Euclidean geometry as the ‘true’ depiction of the universe and then proceed
to learn its theorems”. All that the latter acceptance means is a decision to study a particular type
of geometry.
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For this process to be effective we have to understand some of the fine points
of II.1.3. Thus we begin by “unwinding” the induction into an iteration. We
obtain the following two principles of set formation that are taken as “obvious
truths”:

Principle 0. We can form, or build, sets by stages as follows: At stage 0 we
acknowledge the presence of atoms. At each subsequent stage we may form
a mathematical object — a set — by collecting together (mathematical) objects
provided these are available to us from previous stages.

Principle 0 is worded so that it leaves open the possibility that there are some
sets that are obtained outside this formation process. However, our accepted
inductive definition of sets (II.1.3) requires the following as well: @

Principle 1. Every set is built at some stage.

@ I1.1.4 Remark. Principle 1 is too strong. Omitting it does not affect the ap-
plicability of set theory to mathematics, i.e., the status of the former as the
“foundation” of the latter. Of course, we cannot omit this principle unless we
modify the descriptions II.1.1 and II.1.3 (for reasons analogous to the pheno-
menon described in 1.2.9).

Now, if Principle 1 holds, as it does under our assumptions, then it leads
to the foundation axiom. This comment will make much more sense later. For
now, if you have just read it you have done so at your own risk. O @@

The following subsidiary (and delightfully vague) principle is important
enough to be listed:

(Subsidiary) Principle 2. If our intuition will accept the existence of a stage
(let us call it X) that follows all the (earliest) stages of construction (as a sef)
of each non-atomic member of some collection A, then A is a mathematical
object, and hence is a set (A is not atomic, being a collection). The reason: By
invoking Principle O we can built A at stage X.

T Not less “obvious” than II.1.3, from which they follow directly. The reader may peek once more
into 1.2.9 for motivation, forewarned though that the stages of set formation are “far too many”
to be numbered solely by natural numbers.

By the way, we do not normally speak of formation of atoms. Atoms are given outright. It is
sets that we build.
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I1.1.5 Remark. (1) We are not saying above that stage X is the “earliest” stage
at which A can be built, since we have said “follows” rather than “immediately
follows”.

(2) If some set is definable (“buildable”) at some stage X, then we find
it both convenient and intuitively acceptable to agree that it is also definable
at any later stage as well. This corresponds to the common experience that a
theorem has proofs of various lengths; once a “short” proof has been given,
then — for example by adding redundant axioms in this proof — we can lengthen
it arbitrarily and yet still have it yield the same theorem.

(3) “If our intuition will accept...”. This condition in Principle 2 creates
some difficulty. Whose intuition? What is acceptable to some might not be to
others.

This is a problem that arises when one does one’s mathematics like a
Platonist. A Platonist accepts some “obvious truths” about mathematical ob-
jects, and then proceeds to discover some more truths by employing (infor-
mal) logical deductions. Most practising mathematicians practise their craft like
Platonists (whether they are card-carrying Platonists or not).

The catch with this approach, especially when applied to something “big” —
by this I mean “foundational” — like set theory, is that one cannot always syn-
chronize the understandings of all Platonists as to what are the “obvious truths”
(about sets) — from where all reasoning begins to flow. There was a time not
too long ago, for example, that mathematicians, otherwise comfortable with
infinite sets, were not unanimous on whether the set-theoretic principle known
as the axiom of choice was valid or not.

In the end, we avoid this difficulty by adopting the axiomatic approach to
set theory. The Platonist within each of us may continue thinking of the sets
that were imperfectly described in II.1.3 as the “real sets” — the ones that,
Platonistically speaking, “exist”. However, we plan to learn about sets by argu-
ing like formalists. That is, we will translate a few obvious and important truths
about real sets into a formal language (these translations will lead to our axiom
schemata) and then employ first order logic as our reasoning tool to learn about
real sets, indirectly, by proving theorems in our formal language.}

Thus, once the imprecise set-formation-by-stages thesis has motivated the
selection of the above-mentioned “few obvious and important truths”, it will

T The indirection occurs because in this language we will use terms to represent or codify real sets,
and formulas to represent or codify properties of real sets. The reader who has read volume 1 is
by now familiar with this approach, which we applied there in Chapter II to the study of (Peano)
arithmetic. For terminology — such as “formal language”, “term”, “formula”, “metatheory” —and
tools from logic, the reader is referred to Chapter I of the present volume.
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never be invoked again. Indeed, the opposite will happen. Our axioms will be
strong enough to precisely define (eventually) what stages are and what happens
at each stage, something that we are totally powerless to do now. O

Another criticism of the Platonist’s approach to set theory is that it may entail
contradictions (often called antinomies or paradoxes) which are hard to work
around. Such paradoxes come about in the Platonist approach because it is not
always clear what is a safe “truth” that we can adopt as a starting point of our
reasoning. For example, is the following a “safe truth”? “For any property ‘.2’
we can build a set of all the objects x that satisfy . Z.” We look into this question
in the next section. We also ponder briefly, through an example immediately
below, the nature of set-building, or set-defining, “properties”.

A bit on terminology here: Some people call the contradictions of naive set
theory “antinomies” (e.g., the Russell antinomy), and the harmless pleasantries
of the Berry type “paradoxes”. Others, like ourselves, use just one term, para-
doxes. The reader may wish to decide for himself on the choice of terminology
here, given that both words are rooted in Greek and a paradox is something
that is “against one’s belief” or even “against one’s knowledge” (§ok® = “I
believe”, or, “I know”) while antinomy means being “against the — here, logical
or mathematical — law” (véuog = “(the) law”).

By the way, Berry’s paradox is this: Define n by “n is a positive integer
definable using fewer than 1000 non-blank symbols of print”.! Examples of
possible values of n: “5”, “10”, “10 raised to the power 350000”, “the smallest
prime number that has at least 10 raised to the power 350000 digits”.

Now, the set of such numbers is finite, since there are finitely many ways to
write a definition employing fewer than 1000 non-blank symbols. Thus, there
are plenty of positive integers that are not so definable. Let m denote the smallest
such.

Then “m is the smallest positive integer not definable using fewer than 1000
non-blank symbols of print”.

Hey, we have just defined m in less than 1000 non-blank symbols of print.
A contradiction!t @

I1.1.6 Remark. It should be pointed out that our Platonist’s view of “real sets”
is informed by the work of Russell (and the later work of von Neumann),

t There is an implicit understanding that the set of all available symbols of print is finite: e.g.,
nowadays we could take as such the set of symbols on a standard English computer keyboard.

¥ Well, not really. Neither of the statements “n is a positive integer definable using fewer than
1000 non-blank symbols of print” or “m is the smallest positive integer not definable using fewer
than 1000 non-blank symbols of print” is a definition. What does “definable” mean?
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namely, by his suggested “fix” for the paradox that he discovered — see next
section. Georg Cantor, the founder of set theory, did not require any particular
manner, or order, in which sets are formed. The axioms of the ZFC set theory
of Zermelo and Fraenkel describe the von Neumann universe, which is built
by stages, rather than the Cantorian universe. In the latter, as many sets can be
present at once as our thought or perception will allow.} O

I1.2. A Naive Look at Russell’s Paradox

Let us ponder an elementary but fundamental example of what sort of contra-
dictions might occur in the informal approach.

I1.2.1 Example.! Let us recall (from Chapter I or from our previous mathe-
matics courses) that the notation

S={x:.7[x]} (1)

denotes (naively) the set S of all objects x that satisfy the formula A[x].} This
means that entrance into S is determined by

xe§ iff Alx] (2)

where, of course, by “x € S we mean “x is a member of S”’.
Let us see why the “Russell set”

R={x:x¢x} 3)
is bad news for the informal approach: By (2), (3) yields
x€eR iff x¢x @

Now, since the variable x can receive as value any object of the theory, in
particular it can receive the “set” R. Thus, (4) yields the contradiction

ReR iff R¢R (5)
Our only way out of the contradiction (5) is to say that

R is not a set.¥

f In Cantor’s own description, a set is any collection into “a whole” of objects of our “perception
or of our thought”.

¥ Reminder: This is at the informal level.

§ The square and round bracket notation is introduced in L.1.11.

9 This saves the theory, for now, since then it is “illegal” to plug R into the set/atom variable x;
hence (5) will not be derived from (4).
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Here is what happened: We have obtained outrageously many x’s, each
satisfying x ¢ x. We then decided to collect them all, and build a set R. Our
blunder was that we did not verify that Principle 2 (p. 102) applied to R.

No checking, no right to claim sethood for R!

Thus, the fact that R is not a set is neither a surprise nor paradoxical. Ap-
parently we have run out of stages. By the time all the x’s were built, there was
no next stage left at which we could collect them all into a set R.

You are shaking your head. But consider this: x € x has to be false for any
object x. Indeed, it is trivially false for atomic x. For non-atomic x, in order to
build the copy to the right of “€” I must first have (at an earlier stage’) the x to
the left of “€” (since it is a member of the collection x).

Thus x ¢ x is true for all objects x. But then R contains everything, for the
entrance condition in (3) is always true. No wonder there were no stages left to
build R. We have used them all up building the x’s! O

Now that we realize that some collections such as S in (1) above are sets, and
some are not, how can we tell which is which? The axiomatic approach resolves
such issues in an elegant way.

I1.3. The Language of Axiomatic Set Theory

Having taken our foregoing terse description of how sets are built — by stages —as
our (Platonist) view of what sets really are, we now want to avoid embarrassing
paradoxes and to turn the theory into a consistent deductive science. The obvious
approach is to translate or codify naive set theory into a formal first order theory,
in the sense of Chapter I. We begin by choosing a formal first order language,
LSel‘

L, has the standard logical symbols, namely,

37 _|7 \/7 =’ (7 )

T “Hmm?, the alert reader will say. “You are using Principle 1 here. You are saying that if x is a
non-atomic mathematical object, then it must be built at some stage.” Indeed! However, even if we
were to totally abandon Principle 1 and revise our naive picture of the universe of “mathematical
objects” to allow x € x to be true (depending on the “value” of x), we could still avoid the
Russell paradox argument in exactly the same way we avoid it in the presence of Principle 1:
Namely, by restricting the circumstances where the “operation” {x : A[x]} is allowed to build
a set. In short, it is not the choice of an answer to the question “x € x” that creates the Russell
paradox, rather it is a comprehension principle, {x : A[x]}, that is far too powerful for its own
good.
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and object variables, that is, variables that when interpreted are interpreted to
take as values (real) sets or atoms, "

Vo, U1y eeey Uiy vnn

Additionally, Lse has the two primitive nonlogical symbols “€” and “U”.
The former is a binary predicate that is intended to mean (when interpreted) “is
a member of”. The latter is a unary predicate meant to say (of its argument) “is
an atom”. All the remaining familiar symbols of set theory (e.g., N, U, €, X)
are introduced as defined nonlogical symbols as the theory progresses.

Of course, exactly as in Chapter I, one introduces, in the interest of convenience,
defined logical symbols, namely, V, A, —, <.

The logical axioms and rules of first order logic will be those that we have
introduced in Chapter 1.

Our intended “standard model” —i.e., what we are describing by our formal
system —is the already (imperfectly) described “universe” of all sets and atoms. ¥
Having here a standard model in mind, which the axiomatic theory attempts
to describe correctly and completely,” is entirely analogous to what we did in
volume 1.

There we had the standard model of arithmetic, 9t=(N, S, +, x, 0, <),
in mind, and each of the axiomatizations introduced, ROB and PA, were suc-
cessive attempts at formally deducing all the true formulas of 91 from a few
axioms./

T This is the implementation of our intentions regarding the nature of “mathematical objects”
(IL1.1).

1 «g” is astylized form of & (épsilon) the first letter of the ancient Greek word “co t{” (pronounced

esti — with a short “1” — and meaning “is”). Thus, if y is the set of all even integers, x € y says

that “x is an even integer”. Some authors still use x ¢ y instead of x € y, but we prefer not to do

50, as “‘¢” is overused (e.g., empty string, epsilon number, Hilbert selector, a major contributor

to the dreaded “e-8” proofs of calculus, etc.).

“Primitive” means “primeval” or “given at the very beginning”.

Known as the von Neumann universe. That this universe is not a set — it is equal to the Russell

collection R granting Principle 1, is it not? — is an issue we should not worry about, as long as

we accept that its members are all the sets and atoms.

The terms correctness and (syntactic or simple) completeness of a theory are defined in 1.8.2

and 1.8.3. The former means that every theorem is true when interpreted in the standard model.

The latter means that all formulas that are true in the standard model are theorems. We have

no difficulty with the former requirement. The latter is impossible by Godel’s incompleteness

theorems (1.8.5).

II' Again, we could not produce all such formulas, because of Godel’s incompleteness theorems.

- o

4
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The choice of the intended model influences the choice of (nonlogical)
axioms. We will adopt in this book the Zermelo-Fraenkel axioms (ZF) with
the axiom of choice as an additional axiom. This system is known as ZFC.

I1.3.1 Remark. To an observer we will appear to behave like formalists,
manipulating sets and their properties in a finitistic manner, writing proofs
within a first order theory.

Sets will be just terms of our language, thus finite symbol sequences! Prop-
erties of sets will also be finite objects, the formulas of the language. Finally,
proofs themselves are finite objects, being finite sequences of formulas.

We do not have to take sides or disclose where our loyalties lie — Platonist
vs. formalist camp — as such disclosure is functionally irrelevant. What really
matters is how we act when we form deductions.? O

The definitions of terms and formulas for Lge are those given in Chapter I
(I.1.5 and 1.1.8) subject to the restriction that the only primitive nonlogical
symbols are the two predicates € and U.

@ I1.3.2 Remark (Basic Language). Thus, the terms of L, are just the variables,
Vo, V1, U2, ....

Formulas are built from the atomic ones, that is, Uv;, v; = v;, and v; € v;

for all choices of i, j in N, by application of the connectives —, Vv, and 3 (I.1.8).

We call Lg the basic or primitive language of set theory. The qualifiers
“basic” and “primitive” reflect the fact that the only nonlogical symbols are the
primeval € and U . As the theory is being developed, we will frequently introduce
new defined symbols, thus extending Lg (cf. Section 1.6). This process also
enlarges the variety of terms (adding terms such as ¥, {x : =x = x}, w, etc.)
and formulas.

‘We note that the definitions of terms and formulas of Lg are strictly about
syntax — i.e., correct form. Thus they do not concern themselves with semantic
issues or provability issues. In particular, it is good form to write “v, € v,”,
even if one of our axioms will entail that “v, € v,” is a false statement.$ a @

T “Be” is used here in formalist jargon. The Platonist terminology is “be denoted by”.

£ A true formalist would probably declare that the sets of our intuition do not really “exist” —
mathematically speaking — and sets just are the terms of our formal language. See Bourbaki
(1966b, p. 62), where itis stated, in translation, that “[ . . . ] the word ‘set’ will be strictly considered
to be a synonym for ‘term’; in particular, phrases such as ‘let x be a set’ are, in principle, totally
superfluous, since every variable is a term; such phrases are simply introduced to help the intuitive
interpretation of [formal] texts”.

§ We have already remarked in I1.2.1 that x € x is false in our intended universe.
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I1.3.3 Remark (Notational Liberties). In practice we use abbreviations —
in the metalanguage — in order to enhance readability. The reader may wish
to review the metalinguistic argot introduced in Chapter I, in particular the
agreement that calligraphic upper case (Latin) letters stand for formulas (see
Remark 1.1.9 for more on this) while ¢, s, r typically are metasymbols for
arbitrary terms.

We also take liberties with the correct syntax of formulas and terms, writing
them down in abbreviated more readable form." One type of abbreviation has to
do with reducing the number of brackets that we use when we write formulas.
This has been discussed in Chapter 1.

We also have metalinguistic abbreviations for the variables we use. Instead
of the cumbersome v;234777, V9o, €tc., we adopt the convention that any lower or
upper case single Latin letter, with or without subscripts or primes, will denote
an object variable.

We will prefer to name variables using letters near the end of the alphabet.
Nevertheless, we will often introduce variables such as A, b, ¢, or even go to
Greek and German (Fraktur) alphabets to obtain names for variables, such as
o, B and m, €.

‘We will almost never write down a well-formed formula of set theory (except
for the purpose of mocking its unfriendliness and awkwardness). We will prefer
“translations” of the formula in our argot, where abbreviations of various sorts,
and natural language, are allowed. This renders the formula easier to read and
comprehend. O

I1.3.4 Example. Picking up the last comment above, we show here two exam-
ples of what the judicious use of English saves us from:

(a) We would sooner say “n is a natural number” than write the set theory
formula

Mx)Vy)xeyen—->xenA
m=0Vv@Ax)—~Ux)An=xU{x}]A

(‘v’m)[m eEn — {(Vx)(‘v’y)(x Eyem—xemA
m =0V @Ex)(=Ux) Am=xU {x}]}]

It should be noted that the above is already abbreviated. It contains the
defined symbols @, U and {x}, not to mention that the variables used were

 “Abbreviated” is not always shorter. +-x x yz is shorter than x +(y x z), and f't| 213 is shorter than
f(t1, 12, 13). Yet the longer forms are easier to understand. An abbreviation here is an alternative,
easier to understand form.
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written in argot and that we employed logical abbreviations such as —, V,
etc., and brackets of various shapes.

(b) If we are in number theory (arithmetic) we would sooner state “z is a prime”’,
than

n>SOANVO)NV)n=xxy—>x=S0Vx=n) D@

I1.4. On Names

The reader is referred to Section I.1 (in particular see the discussion starting
with Remark I.1.3 on p. 10) so that we will not be unduly repetitive in the present
section.

I1.4.1 Remark (The Last Word on “Truth’). The completeness theorem
shows that the syntactic apparatus of a first order (formal) logic totally captures
the semantic notion of truth, “modulo” the acceptance as true of any given assu-
mptions, I'. This justifies the habit of the mathematician (even of the formalist —
see Bourbaki (1966b, p. 21)) of saying — in the context of any given theory I" —
“itis true”, meaning “itis a I'-theorem”, or “itis I"-proved”; “it is false”, mean-
ing “the negation is a I"-theorem”; “assume that . Z is true”, meaning “add the
formula .Z — to I' — as a nonlogical axiom”; and “assume that .7 is false”,

meaning “add to ' the formula —.Z, as a nonlogical axiom”.

There is another meaning (and use) of “true” which is not equivalent to
deducibility. This is what we have called the “really true”, meaning what is true
in the intended, or standard, model.

The Godel incompletableness phenomenon tells us that strong theories like
set theory or arithmetic will never' have deducibility coincide with “real truth”.
This is because there will always be sentences . Z that are neither provable nor
refutable — but one of them surely is “really true”!

We plan to abandon the qualifier “real” (as we promised in an earlier footnote)
and the quotes around true (in the standard model). To avoid confusion with
the “other” true ( = deducible) we will do the following:

Whenever we mean “is proved” or “is provable”, we just say so. We will not

say “is true” instead. O @

It will be convenient (and it is standard practice) to use the symbol sequences
that are terms of the formal theory as names for their counterparts, real sets of the

T “Never” as long as all consistent augmentations of the set of axioms preserve the set’s
recursiveness — or “recognizability”.
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metatheory. For example, in the metatheory we may say “the set {x : —x = x}”,
thus using the symbol sequence “{x : —x = x}” to name some appropriate real

set

, the so-called empty set.t

This correspondence between certain terms* of the type “{x : .Z[x]}” and real
sets is nothing else than an application of first order definability (cf. 1.5.15).
That is, if some real set A is first order definable in the standard model by a
formula .7, we have

x € A iff _Z(x)is true in the standard model

Thus the symbol sequence %, or more suggestively the symbol sequence

{x

: #(x)}, can name the set A. As we know, the latter sequence is pronounced

“the set of all x such that . Z(x) is true”.

Reciprocally, in our argot, we nickname formal terms and their formal ab-

breviations by the metamathematical (often English) names of the sets that
they name. Thus, e.g., we say that {x : —=x = x}, or ¥, is “the empty set of the
(formal) theory”.

We note two limitations of this naming apparatus below.

11.4.2 Remark (Limitations of our Naming Mechanism).

(a)

(b)

T

Inconvenience. This stems from the fact that formal terms, even for very
simple sets, can be horrendously long, and thus can be quite incomprehen-
sible. For this reason we almost always introduce, via formal definitions,
short names for such terms (formal abbreviations) that we just make up —
that is, we name the formal names by more convenient (shorter) names
that we invent. These shorter defined names become part of the formal lan-
guage of the formal theory. For example, the term {x : —x = x} is formally
abbreviated by a new (defined) constant symbol, .

Formal limitations. First, we cannot name — that is, first order define —
all the real sets by terms, because there are far more sets than terms that
we can supply via the formal language. We cannot even so define all the
subsets of the set of natural numbers. As a consequence, we cannot codify
all “properties” of sets in our language as formulas either, because there are
far too many properties but too few formulas.? Second, as if the short supply

am guilty here of borrowing from the sequel. “{x : —x = x}” is not a term of the basic

language I1.3.2; instead it is a defined term, about which we will talk soon.

¥ Russell’s paradox is fresh in our memory; thus, “certain” is an apt qualifier.

§ We cannot gloss over this shortage of names by extending Lse by the addition of a name for
each real set. That would make our language impractical, as it would make it uncountable, and

4
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of formulas were not limiting enough, Godel’s first incompleteness theorem
yields another insurmountable limitation. It tells us that in any consistent
axiomatization of set theory through a recognizable set of axioms there will
be infinitely many “true properties” of sets for each of which we do have a
formal name, but nevertheless none of these formal names (formulas of Lge)
are deducible in the formal theory. Thus the theory can only incompletely
capture “real truth”.

Unlike the limitation of convenience (a), which we have easily circumvented
above, there is no solution for (b).

But then, why bother with a formal theory at all? I can state two reasons.

The first is the precision that such a theory gives to the concept of deduction,
turning it into a mathematical (finite) object. Thus, questions such as “is our
set theory free from contradiction?” or “what is, and what is not, deducible
from what axioms?” become meaningful and can be handled mathematically,
in principle.

The above are metatheoretical concerns. The second reason has to do with
everyday mathematical practice. We benefit from the precision that a formal
theory gives to the praxis of deduction, guarding us against embarrassing para-
doxes that loose arguments or loose assumptions may lead to. O

11.4.3 Example. This, like most examples, is in the “real (informal) realm”.
The natural numbers 0, 1, 2, ... when collected together form a set, normally
denoted by N.

We often capture the above sentence informally by writingN = {0, 1,2, ...}.
0

I1.4.4 Remark. N is a remarkable example of a (real) set, in that we have no
easy way to give a term name for it in set theory. The next best thing to do is,
instead, to find another real set, w, “isomorphic to N that can easily be seen
to have a term counterpart in the formal theory.

Needless to say, as follows from our previous discussion, both the real @ and
the corresponding formal term are denoted by the same symbol, w.

therefore impossible to generate finitely. In an uncountable language we will not be able to write,
or even check, proofs anymore, as we will have trouble telling what symbols belong to Lges and
which do not. As a result, we will be unable to know whether an arbitrary string of symbols is a
formula, an axiom, or just rubbish.

t This is the original reason that prompted the development of axiomatic theories.

! The reader should not worry about the meaning of “isomorphic”. We will come back to this very
issue in Chapter V.
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Notwithstanding the comment regarding N, we will continue employing it,
as well as other familiar sets from the metatheory (such as Z (the integers), Q
(the rationals), and R (the reals)) in our informal discussions, i.e., in examples,
remarks, “naive” exercises, etc. O @

I1.4.5 Remark. At the outset of Section II.3 we promised “to turn the theory
into a consistent deductive science”.

It may come as a shock to the reader that we have no (generally acceptable)
proof of consistency of ZFC. We Platonistically got around the consistency
question of either ROB or Peano arithmetic by saying “sure they are consistent;
1 is a model of either”, since few reasonable people will feel uncomfortable
about N or its fitness to certify consistency (serving as a model). Notwith-
standing this, proof theorists have found alternative constructive proofs of the
consistency of Peano arithmetic and hence of ROB (such proofs can be found
in Schiitte (1977) and Shoenfield (1967)). These proofs necessarily use tools
that are beyond those included in Peano arithmetic (because of Godel’s second
incompleteness theorem).

We have no such constructive proof of the consistency of ZFC. This, of
course, is not surprising. Since ZFC satisfies Godel’s second incompleteness
theorem, a proof of its consistency cannot be formalized within ZFC. Here then
is the difficulty: What will any such consistency proof “outside” or “beyond”
ZFC look like, considering that

(a) it cannot be expressed in ZFC, and yet

(b) ZFC, being the “foundation of all mathematics” (or such that “mathematics
can be embedded” in it), ought to be able to include (formalizations of ) all
mathematical tools and mathematical reasoning — including a formalization
of its consistency proof that was given “outside” ZFC.

However, most set theorists are willing to accept the consistency of ZFC.
“Evidence” (but not a proof ) of this consistency is, of course, the presence of
the standard model. O @



I

The Axioms of Set Theory

II1.1. Extensionality

Under what conditions are two sets equal?

First of all, if a and b stand for urelements, then a = b just obeys the logical
axioms of equality (Definition 1.3.13, p. 35) and we have nothing to add about
their behaviour concerning equality. @

For sets, however, we require that they be equal whenever they contain
exactly the same elements, regardless of whatever “structural connections”
these elements may have. In order to state this axiom formally we use the
primitive predicate of set theory, U. Thus Ux is intended to mean “x is an
urelement” (therefore —Ux will mean “x is a set”).

We use the “abbreviation” “U(x)” for “Ux”, since it is arguable that, in

2

general, “P(t,...,t,)” is more user-friendly than “Pt,...1," .

III.1.1 Axiom (Extensionality).
~U(A) A —=U(B) — ((Vx)(x €cAoxeB) > A= B) (E)
In words, for any sets A and B, if they have the same elements, then they are

equal.

III.1.2 Remark. We noted that the above axiom, (E), indicates that we want
two sets to be equal as long as they have the same elements, regardless of
the existence of inner structure in the sets (such as one dimensional or higher

T We have already remarked in a footnote on p. 109 that an “abbreviation” is meant to create
easier-to-read text, not necessarily shorter text.

114
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dimensional order) and regardless of “intention”, that is, how the set originally
came about. For example, the set that contains the integers 2 and 3 is expected
to be the same as (equal to) the set of all roots of x> — 5x + 6 = 0, despite the
difference in the two descriptions. That is, we have postulated that set equality
is “forgetful of structure”.

It is the extension of a set (i.e., its actual contents) that decides equality,
hence the name of Axiom III.1.1.

But is this axiom “true”?f Is this the condition that governs equality of “real”
sets? Well, formal or axiomatic mathematics aims at representing reality within
an artificial but formal and precise language. In this “representation” there is
always something lost, partly due to limitations of the formal language and
partly due to decisions that we make — regarding the choice of our assumptions,
or axioms — about what features of “reality” are essential (of which we create
counterparts in the formal language) and which are not.

For example, a “real” line has width no matter how you construct it, but
geometers have decided that width is irrelevant, so they invent their lines so
as to have no width. In our case, we are saying that to decide set equality we
forget all attributes of sets other than what elements they contain. This is what
we deem to be important.

Now that we have defended our choice of (E), another question arises: Is
(E) a definition? Much of the elementary literature on the theory of sets takes
the point of view that it is (see Wilder (1963, p. 58), for example), although
often somewhat casually.

A formal definition would introduce the symbol “=" by (E), if the symbol
were not part of our “logical list” of symbols. Since we already have “=" and
its basic axioms, (E), for us, is an axiom.! O

Note that in the extensionality axiom we state no more than what we need —
following the mathematician’s known propensity to assume less in order to have
the pleasure of proving more. This accounts for using “--- — A = B” rather
than “--- <+ A = B”. In fact, we have

- =U(A) A =U(B) — (A =B—> (Vx)xeA < xe B)) 1

where “" indicates provability without using any nonlogical axioms.

f Remember that while we cannot give a proof of consistency of ZFC, we can at least check that its
axioms are “really true”, i.e., true in the standard model. This checking is done on the informal
level, of course.

f In fact, a formal definition is still an axiom, via which a new formal symbol is introduced — as
we saw in Section 1.6. But this is not the case with (E).

@
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To see this, note that
FA=B—> (xe€A<xeB)

by equality axioms. Then, since A = B has no free x,’ V-introduction (cf. [.4.5,
p. 44) yields

FA=B— (Vx)(x € A < x € B)

(1) now follows by tautological implication (cf. [.4.1, p. 43).

We have said that urelements have no set-theoretic structure, that is, if b is
an urelement, then the claim a € b is false for all possible meanings of a. This
is formalized below.

II1.1.3 Axiom (Urelements are “Atomic”).
UQy)— —(QAx)x ey

The above says that urelements do not have any elements; however, that does
not make them empty sets, for urelements are not sets. The content of I11.1.3
can also be written as

Uy)— (Vx)x €y
or even
Uy)— (Yx)x ¢y

where “x ¢ y” is an informal (metamathematical) abbreviation of “—x € y”. @

II1.1.4 Remark. The contrapositive of III.1.3 is
@x)xey— -U®Y)

that is, intuitively, “if y has any elements, then it is a set”.
It is also useful to note the consequence

x€y— —U(y)

of the above (substitution axiom x € y — (Ix)x € y and tautological impli-
cation). O

I11.1.5 Definition (Subsets, Supersets). We introduce to the formal language
a new predicate of arity 2, denoted by “C”, by the defining axiom

ACB<« (Vx)(x e A— x €B) €))]

T A and B are free variables distinct from x.
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In English, in the case where A and B are sets, this says — that is, the semantics
in the metatheory is — that A C B is a short name for the statement “every
member of A is also a member of B”.

We read “A C B” as “A is a subset of B”, or “B is a superset of A”. Instead
of A C B we sometimes write B 2 A. As usual, we negate C and 2 by writing
& and 2 respectively. O

II1.1.6 Remark. InIII.1.5 we chose to allow the symbol C to act on any objects
of set theory — sets or atoms. An alternative approach that is often adopted in the
literature on naive set theory is to make A € B undefined (or meaningless) if
either A or B is an atom (this would be analogous to the situation in Euclidean
geometry, where, for example, parallelism is undefined on, say, triangles or
circles). Our choice in III.1.5, that is, (1), is technically more convenient, since
it does not require us to know the exact nature of A or B before we can use the
(formal) abbreviation A C B.

We note that, according to IIl.1.5, x € A — x € B is provable if A is an
urelement (by III.1.3), that is, A € B is provable. Indeed,

U(A) |_ZFC (VX)_'X €A
by Axiom III.1.3 and modus ponens. Thus,
UA) Fzpc —x € A ()

by specialization (cf. 1.4.6, p. 44). By tautological implication followed by
generalization (I.4.8) we get what we want from (2):

U(A) Fzee Vx)(x € A —> x € B)
or, applying the deduction theorem (1.4.19),
Fzrc U(A) = (Vx)(x € A —> x € B)

We use the provability symbol with a subscript, e.g., -7, to indicate in
which theory .7 (i.e., with what nonlogical axioms) we carry out the proof. In
the simple proofs above we have used the subscript ZFC, but we only employed
Axiom III.1.3. We will seldom indicate what subset of ZFC axioms we are using
at any given moment, and whenever we do, we will normally do so in words
rather than using some F-subscript different from ZFC.

The reader will also note that “.Z 4 ...” is the same as “ + .4 ...”
or“7 U{Z}-.." O @
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II1.1.7 Example. Since x € a — x € a is a tautology (note the absence of sub-
script on the I that follows), we have - x € @ — x € @ and hence

FMVx)(xe€a—>xea) (%)
by generalization. Thus, by III.1.5 and tautological implication,
FaCa (%)

or any object is a subset of itself.
We did not use a subscript (e.g., ZFC) on - immediately above because no
ZFC axioms were used. O

We immediately infer from III.1.1 and III.1.5 the following Proposition
1I.1.8.

I11.1.8 Proposition. For any two sets A and B,
A=B<< ACBABCA
holds, or, formally,
Fzec “U(A)A—-U(B) > (A=B < ACBABCA)
An observation is in order in connection with the above: Logical connectives

have lower priority than any other connectives, so that “A € B A B C A”
means “(A C B)A(B C A)”.

Proof. Invoking the deduction theorem (I.4.19), we prove instead
—U(A), " UB)Fzpc A=B<ACBABCA 1)
We offer a calculational proof:
ACBABCA
< <HI.1.5 and the equivalence theorem (1.4.25, p. 52)>

Vx)xeA—>xeB)A(Vx)xeB —>x €A
< <V over A distributivity (Exercise 1.23, p. 95)>

(Vx)((xeA—>xEB)/\(xeB—>xeA))

<~ <tautological equivalence and equivalence theorem>
Vx)(x e A< x €B)
<~ (extensionality, plus assumptions for “—”’; Leibniz axiom for “<—”>

A=B g
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It often happens that A € B, yet A # B, where “A # B” is (informal) short
for “—=A = B”.

I11.1.9 Definition (Proper Subsets). We introduce a new predicate symbol of
arity 2, denoted by “C”, by the defining axiom

ACB< ACBA—-A=B

We read “A C B” as “A is a proper subset of B”. O

The reader will note that, stylistically, C and C parallel the symbols < and
< (compare how a < b, for numbers, means a < b and a # b). It should be
mentioned however that it is not uncommon in the literature (e.g., in Bourbaki
(1966b), Shoenfield (1967)) to use C where we use C, and then to need to use
C or even g to denote proper subset.

II1.2. Set Terms; Comprehension; Separation

We now want to imitate the informal act of collecting into a set all objects x that
satisfy (i.e., make true — in the standard model) a formula . Z[x]. We already
saw that a careless approach here entails dangers (Section I1.2). We revisit this
issue again here, and then provide a formal fix.

Itis clear that the reasonable thing to do within the formal theory is to restrict
attention to formulas . Z for which we can prove the existence of a set, say a,
such that

X €a < A[x]

is provable, thus replacing truth (cf. 1.5.15 and also p. 111) by provability. We
achieve this if we can prove

Fzre @)U A (0@ € y < Z[xD) (M

where we have taken the precaution that y is not free in . 2.t Bourbaki (1966b)
calls formulas such as .Z “collecting”.

@As in loc. cit., we use the symbol

Coll,. 7 @)

T Otherwise we would be attempting to “solve” for y in something like “x € y <> . %(x, y)”, which
is not the same as collecting in a container called y all those “values” of x that make . Z(x, z)
“true” for an arbitrarily chosen value of the “parameter” z. Such rather obvious remarks will
become sparser as we go along.
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as an abbreviation of
@)(=UG) A () € y < £1xD)

Note that x is not a free variable in (1) (or in (2)), but it is, nevertheless, the
free variable of interest in .#, the variable whose “values” (that “satisfy” . #Z)
we are determined to collect. (2) says that indeed we can collect these “values”
into a set.

I11.2.1 Example. We verify that if y is a set, then Coll, x € y. It will be best to
give a terse annotated proof of the formal translation of the italicized statement,
that is,

Fzec —~U(y) = Collix €'y (A)

It is easier to tackle instead

~U() Fzie G2)(~U@) A (0 € 2 x € ) (B)
where z is distinct from y and x:
(D) =UQ) (given)
2) xey<xey <tautology, hence

logical axiom>

B) Mx)xey<xey) <(2) plus generalization
(14.8, . 45)>
4 “UWANx)xey<xey) <(1), (3) plus

taut. implicati0n>

B “Uy)yAr(¥x)xey<xey) —
(Elz)< ~U@ AV (x ez x e y)) <10gical axi0m>

6) (Elz)(—' U@ A(¥x)(x €z <> x € y)) <(4), (5), and modus ponens>
We also note that, by the deduction theorem, (B) yields

Fzre ~U() = @)(~U@ A (¥a)(x € 2 & x € ) ©)

which is an expanded notation for (A). Intuitively, all of (A), (B), and (C) say
that if y is a set, then ZFC allows us to collect all the x for which x € y is true
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into a set. This is hardly surprising at the intuitive level, since this collection
that we form is just y — and we already know it is a set. Nevertheless, it is
reassuring that we have had no bad surprises here. O

I11.2.2 Example (Russell’s Paradox, Second Visit). In this example we go

out of our way to show that Russell’s paradox can be argued within pure logic —

in I1.2.1 we appeared to be arguing within (informal) set theory — and that it

has nothing to do with one’s position on the set-theoretic question “x € x?”
We prove that if . Z(x, y) and .Z(y) are any formulas,’ then

= =@ A0) A DA, y) < = ) 6)

We prove (i) by contradiction (I1.4.21, p. 51) combined with proof by auxiliary
constant (1.4.27, p. 53):

) (Ely)(.%’(y) AV XA, y) <= A, x))) (added or “given”>

2) B(c) AN(Vx)(A(x,c) < = A(x, x)) <added; ¢ is a new constant>
3) (Vx)(A(x,c) < = A(x, x)) <(2) plus

tautological implication>

@) .A(c,c) < —.4(c,c) <(3) plus specialization>

The formula in line (4) is, or creates, a contradiction, since also - .Z(c, ¢) <
A(c, c).

Taking .%(y) to be the special case of =U(y), and . Z(x, y) tobe x € y,
we have refuted Coll,x ¢ x, that is, we have established that (note absence
of subscript on ) = —=Coll,x ¢ x without ever using any nonlogical axioms
or being aware of the question x € x. Our third (and last) visit to Russell’s
paradox will show that what is at work here is a Cantor diagonalization.

Thus, Frege’s (1893) axiom of comprehension that
for all formulas . #Z, one has Coll,. 7

is refutable within pure logic by providing the counterexample . Z = x ¢ x.}

4
t You may want to look at L.1.11, p. 19.
! The reader may recall that we have reserved “=" for string equality, nor formula equivalence
(see p. 13).
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Russell’s paradox was not the first paradox discovered in naive set theory
as originally developed by Georg Cantor. The Burali-Forti antinomy had been
suggested earlier, and we will get to it at the proper place in our development.
Russell’s paradox is less technical on the one hand, and is immediately rele-
vant to our present discussion on the other hand; thus we opted for its early
presentation.

Obviously, comprehension, as stated by Frege, was too strong and allowed
some ‘“‘super-collections” to be built (like R) which are not sets.

It should be noted here that in the work of Cantor the comprehension schema
was used carefully so as not to construct “too large” or “too complicated” sets,
as compared with the “ingredient” sets that entered into such constructions. For
this reason, his work did not explicitly lead to Russell’s objection, the latter
being aimed at Frege.

We still want to be able to collect into a set all “x-values” that satisfy “rea-
sonable” formulas . Z — leaving the unreasonable ones out. Let us work towards
identifying such reasonable formulas. But first a lemma:

1I1.2.3 Lemma.

Fzre " UO)A NV x €y < 2)AN-URQDANX) x €2 A2)—>y=2

Proof.
“UW)ANV)x ey < 2)AN=U@RQ) AN x €z < . 42)
<~ <V over A distributivity, taut. equivalence and 1.4.25, p. 52>
—~U(y) A =U(Z) A (Vx)((x cyo HAKeELo .,/Z))
— <V-m0notonicity (1.4.24, p. 52) and taut. implicati0n>
“UWA-UZ)ANV)(x €y < x€2)
— <extensionality — only this step used a ZFC axi0m>
y=z
(Recall the discussion in .7.11) O

III.2.4 Remark. Let us recall the basics of introducing new function symbols
(Section 1.6). Suppose that we have the following:

Fr @y). 2y, Xn) (1)
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and
Fr 2y, X)) AN A2, %) > y =2z 2

Then we may introduce a new function symbol, say f ., into the language of
.7 by the axiom

f///(}n) =)y < %(Ya )_én) 3)

We also know that (3) is provably equivalent to (4) below (see p. 73), so that (4)
could serve as well as the introducing axiom:

/%(f %()_én)v )_én) (4)

We finally recall (p. 73) the notation (Whitehead and Russell (1912)) for the
term f /(X,):

(W)-2(y, Xn) &)

A special case of the above is important. Suppose that #(X,,) is a term, where we
have written “(X,)” to indicate the totality of free variables in ¢. Then substitution
in the logical axiom x = x yields ¢ = t; thus the substitution axiom and modus
ponens yield

F@y)y =t (6)

Note the absence of subscript from - above. Since equality is transitive, we
also have

Fy=tAz=t—>y=¢Z 7

We may thus introduce a new function symbol f; of arity m > n by the axiom
(form (3) above)

O =y ot=y ®)

or equivalently (form (4) above)

fiGm) =1 ®

where the list y,, contains all the variables X, of ¢.

An important, more general case of (1)—(2) often occurs in practice. We may
have a proof of (1) for some, but not all, X,,:

Fr DGn) = @)-A(y, Xn) (10)
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We assume that we still have (2) in the restricted form
b7 D) = A, X)) N A2, X)) > Yy =2 (11

We would like now to introduce a function f , that satisfies (3) (or (4)) for
precisely those X, that satisfy &7. We could define f arbitrarily for those X, for
which & fails.

Let then a be some constant in the language of .7". Let

Ly, Xn) = DE) AN A X))V LX) Ay =a 12)

We show that

b7 B XA LB(2, X)) > Yy =2 (13)
We will employ the deduction theorem:
() TGN A I ~TEIAy =a <assume>
(1) DE)A A GV ~DE) Az =a (assume)

(iii) DE)N A, X)) AN A X))V D X)) Ay=aAz=a

(). 1) plus tau)
(v) y=z
(proof by cases: 1st disjunct of (iii) plus (11); 2nd disjunct plus trans. of “:”>

We next note that

F7 @) B (v, Xn) (14)
Indeed,
Q) (@) <assume>
(i) @) Ay, %) <(i), (10) and MP>
(iii) A(c, %) <assume; ¢ is a new
constant>
(V) DG A ATV ~DE)Ac=a <(i), iii) plus |=Tam>

W) ANZEIAN A, X)) V= D(E) Ny =a) <(iv), subst. axiom
plus MP)

By the deduction theorem

b7 DG = @Dy, Xn) 5)
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Next consider
(i) —~ZL(E) assume>

(i), Fa=a and )
(i) plus = rau)

(iii), subst. axiom

@ii) =Y () ANa=a
(i) DG A A, F)V ~TG) Aa =a

(v) AL @) A A, X))V =L (En) Ay = a)

—_——~——————— ———

plus MP>

Thus, by the deduction theorem,
F7 = Z(%,) = @)Ly, Xn) (16)

(15) and (16) yield (14) via proof by cases. (13) and (14) allow the introduction
of f , by the axiom

DS AXn)s Xn) an
That is,
D) N A AEn), Xg) V=D () A fo(3) = a (13)
Since
D (%), (18) Etaut A~ (f. /%), Xn)
and
= P(3), (18) Ertaut f /(X0) = a
we get
(18) b D(X) = A(fAX0), Xn) 19
and
(18) k7 ~Z(X) = f/3) =a (20)

In other words, (10) and (11) allow us to introduce a new function symbol f ,
that satisfies (19) and (20). (20) defines f , “arbitrarily” for those X, where &
fails.

It is easy to check, just as we did on p. 73, that (19) is provably equivalent to

18) F» T(3,) — (Jz(y, %) oy = f,//(?c,,)) (19

4
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II1.2.5 Definition (Set Terms). If Fzrc Coll,.7(x,Z,), then Lemma I11.2.3
allows us to introduce the term

O(-UM A D(x €y & 7 (x,5)) (s1)

We call the above a set term, defined by the formula .7 and the objects
Z] IR ] Zn~

We (almost always) use the shorter, and standard, metamathematical abbre-
viation

[x : 7(x,Z.)} (sst)

instead of the notation (st). O

The reader will recall from Section 1.6 that, in actual fact, a formal defini-
tion introduces a function symbol, not a term. However, we agree to leave the
“ontology” of that function symbol, say, “ f~, unspecified, and we agree to
use the argot (st) or (sst) above to informally denote the term, f7(Z,), that
corresponds to f.

Nevertheless, whenever Fzrc Coll,.7, either of the notations (s7) or (sst)
stands for (i.e., names) a formal term of the theory.

It is important to note that set terms give rise to more complicated terms than
just variables. The latter are the only terms of the basic language L (see 11.3.2),
while as we enrich the language by the (formal) addition of new function sym-
bols f 4, f#, etc., and constants #J, w, etc., we can build complicated terms
suchas f /(..., f»(...,w,...),@,...)(seel.1.5). Such terms we will call just
terms (or “formal terms”, to occasionally emphasize their formal status). @

We immediately have

I11.2.6 Proposition (Set Term Facts). If Fzrc Coll,.7, then:

(i) Fzrcy={x: 7} < =2UQy)AVx)(x € y < 7).

(ii) Frc —|U<{x :.,7}).

(iii) Fzpc x € {x : 7} < 7.

(iv) If also bzpc Coll, S, thenbzpc VANT — $) < {x . 7} C{x : T}
(v) If also byzpc Coll, &, then bzpc Va7 < ) < {x .7} ={x: ).

Proof. (i): This is (3) in II1.2.4 above, that is, the introductory axiom for “ f ,”,
where .7 is “~U(y) A (Vx)(x € y <& .7 ).
(ii): By (4) in I11.2.4 and tautological implication.
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(iii): By (4) in III.2.4 and tautological implication followed by specializa-
tion.
(iv): By (iii) and the equivalence theorem,

Fopc VAT — )< (Vx)xex: Tt —>xe{x: <))

Note that the assumption Fzgc Coll, & allows us to introduce {x : £’} form-
ally and have (iii) (with .7 replaced by ).
(v): Similar to (iv). O

In Section II1.4 we will introduce informal notation that allows us to write
(i)—(v) above in the metatheory without requiring prior proofs of either Coll,.7
or Coll, <.

II1.2.7 Remark. Note that x is a bound variable in (st) of Definition I11.2.5, and
hence also in (sst). Thus, if the conditions for the variant theorem are fulfilled
(1.4.13, p. 46) — that w occurs neither free nor bound in.%# — then we can also
write the set term as {w : 7 (w, Z,)}. That is,

Fzec {x +.7(x, Z0)} = {w : 7 (w, Zn)} ()
The above is different from (v) of I11.2.6. It can be proved as follows:

y =17 )
o <(i) of III.2.6>
—U() A (Yx)(x €y < T (x,Z,))
<~ <variant theorem (1.4.13, p. 46) and equivalence theorem)
—U(y) A(Yw)(w € y < F(w,Zy))
o <(i) of III.2.6>
y={w:7(w,z,)}

Thus,
|_ZFC y= {x :'y?()“ En)} <> y = {w 7(w7 Zﬂ)}

from which, substitution and the logical fact - ¢ = ¢ for any term ¢ yield (1).
As a corollary we have — via the equivalence theorem and (1) — the well-
known and obvious (under the usual non-occurrence restrictions on w)

Fzrc w € {x 1 7 [x]} < F[w] 2)

4
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Formally introduced set terms play a dual role. On one hand, formally, they are
just meaningless symbol sequences of which we have proved (or a proof exists,
in any case) that they are sets. For that reason, we often just say “...the set
(x..7}...7.

On the other hand, the formula part of a set term first order defines (in the
standard structure) some real set; hence the term itself represents or names that
set.

The very format of the chosen symbol for set terms,

{x :. 7}

is suggestive of its semantics in the standard model: “the collection of all the x
that make .7 true”. As a matter of fact, this is more than notational suggestive-
ness: Soundness of all first order theories — and anticipating that our axioms will
be true in the standard model — implies that all ZFC theorems will be “really
true”. In particular, the formula in (ii7) of II1.2.6 is “true” and says that “x is in
{x : 7 [x]}iff 7 [x] is ‘true’ for this x”. @

I11.2.8 Example. We continue here what we have started in Example II1.2.1.
Since

Fzrc ~U(y) — Coll,x €y
II1.2.6 (iii) gives
“Uy)bFzrcxe{x:x eyl xey
By I1.2.6 (i),
~UG) Fzre U (fx s x € 7))
as well; hence
~U(y)Fzecy ={x:x €y} ey

by extensionality via substitution.
In words, every set is equal to a set term. O @

We now introduce a weak form of Frege comprehension, so that we can have
a sufficient condition for Coll,. to hold.

II1.2.9 Axiom (Schema: Separation or “Subsets’ Axioms). For every for-
mula P[x] which does not have any free occurrences of y, the following
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is an axiom:
-U(A) — (Ely)(ﬂU(y) ANVX)(x ey« xeA /\;’?[x]))
For short,

—=U(A) — Coll,(x € A AZ[x])

The above is a schema due to the presence of the arbitrary formula &°. Every
specific choice of & leads to an axiom: An instance of the axiom schema. The
name “separation axiom” is apt since the axiom allows us to separate members
from non-members (of a set).

Why is the schema II1.2.9 true (in the standard model)? Well, it says that if A
is a set, then — no matter what formula & we choose — we can also collect
all those x that make x € A A Z°[x] true N

into a set.

Now, all those x in (1) are in A, and we know that we have formed A at
some stage’ (it is a set!), say X, that comes after all the stages at which all the
various x in A were formed (or “given”, if atomic).

Thus, at this very same stage X we can collect into a set just those x in A
that are moreover restricted to satisfy 7°[x]. @

II1.2.10 Definition. Whenever the set term
(x:x e AN}

can be introduced by II1.2.9, it is often written more simply as
{x e A: 7} O
II1.2.11 Proposition.
=-U(a),?” — x € a Fzrc (EIy)(—-U(y) ANVX)(x €y <« (?))
In words, if a is a set and we know that ” — x € a, then

Coll, o

so we can introduce the set (term) {x : 7°}.

T Principle 1, p. 102, is at work here. Recall that we can take or leave this principle. However,
we have decided to take it (and hence adopt foundation, later on). It is worth stating that in the
absence of Principle 1, a “doctrine on limitation of size” would still effectively argue the “truth”
of separation.
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Proof.
EN(~UG) A (D) €y < x can))
< (equivalence theorem and . 72 — .7 Eqaut 4 <> 4 A ﬁ>

@)(-U0) A ¥ €y 7))

Done, since the top line is provable in the presence of the assumption —U (a)
(separation). O

1I1.2.12 Corollary.
Fore ~U(a) — (Vx)(7 — x € a) — (Hy)(—'U(y) AVX)(x € y < ;9/3))

Proof. By the deduction theorem and II1.2.11. O

So we can build sets by separation by restricting membership to existing
sets. Unsatisfactory as this may be — since separation only enables us to build
“smaller” sets (meaning here subsets) than the ones we have — it gets worse:
We have no proof that any set exists yet. We fix this in the next and following
sections. One should note that

(FAx)x =x

is a theorem of pure logic (axiom x = x followed by the substitution axiom
and modus ponens). This says, as far as ZFC is concerned,

An object exists!" (%)

But what type of object? This may well be an atom, so we still have no proof
that any set exists.

IIL3. The Set of All Urelements; the Empty Set
IIL.3.1 Axiom. The set of all urelements exists:
Coll,U(x)
I11.3.2 Definition. We introduce a new constant, M, into our formal language
by the axiom
y=M < =U(y)Ax)x €y < Ux)) (1)
f Upon reflection, there is nothing unsettling about pure logic proving that “objects” exist in set

theory. This is simply a consequence of our decision — in logic — not to allow empty structures.
This decision was also hardwired in the syntactic apparatus of logic.
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since
Fzre B)(=UG) A (W0 €y < UR))

by I11.3.1. 0

That is, we have just introduced the (rather unimaginative) short name M for
the set term

{x UMW)}
since (1) above yields
Fzecy =M <y ={x: Ux)}
and hence, by substitution,

Fzee M = {x : U(x)}
II1.3.3 Lemma (Existence of the Empty Set). Fzrc Coll,—x = x.

Proof. By F =x = x — x € M and Fzpc —~U(M) (the latter by II1.3.2)
plus 111.2.12. O
I11.3.4 Definition (Empty Set). By II1.3.3 we may introduce the set term
{x:—x =x}
for the empty set. We can then follow this up by the axiom (definition)
h={x:—-x=ux}
to introduce (using (9) in 111.2.4) the new constant symbol @ for the empty set.

O

II1.3.5 Remark. Referring to 2.6 (ii) and (iii), we see that the intuitive
meaning — or “standard semantics” — of ) is the “set with no elements”, since
it is a set, but, moreover, x € ¢ is “false” (equivalent to —x = x) for all x. And
this is as we hoped it would be (refer also to the discussion in Section I1.4).
Syntactically we get the same understanding as follows: By II1.2.6 and I11.3.4,

Facx el —x=x
Hence, by tautological implication,

I—ZFC—-xe@<—>X=x
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Therefore, by the equality axiom x = x and tautological implication,
Fzpc —x € 0

or
Fzrc x ¢ 0

A by-product of the existence of the empty set is a relaxing of the conditions
in 111.2.11 and II1.2.12. We may drop the assumption —=U(a). Assume & —
x € a. Now there are two cases (proof by cases). If =U(a), then we let I11.2.11
or II1.2.12 do their thing. If U(a) is the case, then we infer —x € a (III.1.3);
hence x € a — x € { by tautological implication. Another tautological
implication gives ° — x € . Since Fzpc —U (¥), we can now invoke I11.2.11
to infer Coll, . O @

The concluding remark above is worth immortalizing:

I11.3.6 Proposition. Fzgc (Vx) (77 — x € a) - Coll, 7.
Correspondingly, 77 — x € a Fzpc Coll, 7

II1.3.7 Example. We saw how to justify the existence (as a formal mathematical
object — a set) of a “part of” M in the simple, but very important, case of .
In general, I11.2.12 allows us to prove Coll,.# for any .-Z for which we know
that .2 — x € M (either as an assumption, or as a provable ZFC fact).

For example, we can show that for any a and b in M we can collect these two
elements into a set of “two” elements, intuitively denoted by “{a, b}”’. Indeed,

FaeMAbeM »>x=aVvVx=b—>xeM @))]
In fact,
FaeM—>x=a—>xeM 2
and
FbeM —>x=b—>xeM 3)

by the Leibniz axiom. Thus, proof by cases (1.4.26, p. 52) helped by F=rayt gives
Fx=avx=b—>@eM-—>xeM)VvibeM — xecM)

of which (1) is a tautological consequence.
Thus,

if aeMandbe M, then Coll,(x =aVx=D>)
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or, in the formal language (with the “Coll” abbreviation),
Farcae M Abe M — Coll,(x =aV x =>b) @
One introduces as usual the set term
{x:x=aVvx=>b}
as a follow-up to (4), and also the new symbol (“set term by listing”)
{a, D}
i.e., one defines

{a,b} ={x :x =a Vv x = b} O

Can we repeat the above for any sets a and b? That is, is it true that Fzpc
Coll,(x = aVvx = b)for any objects a and b? In particular, can we say that we
can form the (real) sets {{a}} or {{a}, {b}} in the metatheory? Well, we should
hope so, since — intuitively — there is a stage after the stages when {a} and {b}
were built.

However we need a new axiom to formally guarantee this, because all our
present axioms are true in the structure with underlying set {#, 1, {1}} (M = {1}
here), but so is

(=UG) = (0w € y = UG)
since the members of every set in this structure are atoms. Thus,
present set of axioms + “no set has set elements” €))]
is consistent (cf. 1.5.14). Hence
present set of axioms I/ “some set has set elements” 2
Thus, by (2), we cannot prove yet that, in particular, a set {{a}} exists. @
One last comment before we leave this section: We choose not to postulate
existence of individual urelements, so it may be the case that M = (. This
leaves our options open in the sense that we can have the “usual” ZFC (with
no urelements) as a special case of our ZFC. We note in this connection that if,
instead of having a predicate (U) to separate sets from atoms, we adopted a two-

sorted language with two “types” of object variables one, say a, b, ¢, d’,a’, .. .,
for sets and one, say, p, q, p’, q”, ..., for atoms, then

= @p)p =p)

would guarantee the existence of atoms, spoiling our present flexibility.



134 III. The Axioms of Set Theory

II1.4. Class Terms and Classes

Before moving on towards developing tools for building more complicated
sets, we pause to expand our argot notation in the interest of achieving more
flexibility.

ZFC is about sets and atoms. It does not deal with “higher order” objects such
as the Russell collection (which, we have seen, is not a set), and, moreover, its
(formal) language has no means of notation for such higher order collections.
Nevertheless, much is to be gained in notational uniformity, and hence also in
user-friendliness, by allowing in the metalanguage the use of symbol sequences
of the form {x : .2} — called “class terms” — even if we have no knowledge of

l_ZFC COllxk/{g

Indeed, we want to be able to use in formal (syntactic) contexts the “term”
{x : .7}, even if the above may actually fail. Correspondingly, in semantic
contexts, the symbol sequence {x : . Z} serves as a name for areal collection A —
that is probably too big to be a set — which .Z first order defines in the usual
sense:!

x € A iff _Z[x]is true in the standard model of ZFC

The collection that A names is technically called a class (cf. 111.4.3). We, of
course, simply say “A is a class”.

To protect the innocent I state outright that there is no philosophical signi-
ficance in restricting attention to first order definable classes. It is not due to a
lack of belief in the existence of non-definable classes; rather it is due to a lack
of interest in them. @

While the intended semantics above is meant to motivate the consideration
of (possibly non-set) classes, “real classes” do not intrude into our (argor)
usage of class terms. The latter are employed entirely syntactically. Their use
is governed by a “calculus of translations” through which we may introduce or
remove class term abbreviations:

I11.4.1 Informal Definition (Class Terms). For any formula .Z of ZFC, the
symbol sequence

{x:.7) (1)

is called a class term.

 In 1.5.15 we saw what it means to first order define a ser in a structure. The notion naturally
extends to first order definability of any collection.
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We hereby expand the role of this symbol, employing it in the metalanguage
for two purposes:

(a) If we can show
l_ZFC COllxk/{{

then we use (1) to name a (formal) set term as per I11.2.5 — thus, every set term
is also a class term.

(b) If not, then (1) can still be employed as an abbreviation of certain formal
texts described below (compare with I11.2.6):

(i) y={x:7}and {x : ¥} = y each stand for the formal text
“UWANVX)(x €y <.7)

In particular, this reflects the position that a (formal) variable, like y,
stands for an atom or set (here, a set).

@ “="iny = {x :.7 }is not the formal “=". We are not to parse the informal text
“y = {x :.¥}”, decomposing it into its ingredients. We take it in its entirety as
an alias for the formal text “—~U(y) A (Vx)(x € y <>.7)”. A similar comment
applies to informal uses of “=", “€”, and “U” below. @

(ii) {x :.7} = {x : ¥} stands for the formula (Vx)(¥7 < £).

(iii) x € {x : .7[x]} stands for the formula .7 [x], and (see II1.2.7) x €
{w:.7[w]} stands for the formula .7 [x] (where w is neither free nor
bound in .7 [x]).

@(iv) {x :.7} € {x : &} stands for

@) (v =t AW Ay € bx: 2 1)
which (with the help of (i) and (ii)) becomes
@)(~UM A (D €y o T A Z 1))
() {x :.7) € z stands for
@)(y=tx: 7l Ay ez)
which (with the help of (i) becomes

@)(~UG) A ) €y < Tl Ay €2)

(vi) U({x 7}) stands for (Vx)—x = x. O
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Pause. So U ({x :.7}) is refutable. Does this prove that {x :.7} is a set?

I11.4.2 Remark. (1) Ideally, we should have different notations for the symbol
{x :.7 } according to its status as a name for a set term or not — say, boldface type
in the former case, and lightface in the latter. However, it is typographically more
expedient to use no such notational distinctions but allow instead the context
(established by English text surrounding the use of such terms) to fend off
ambiguities.

(2) We already know that for some formulas .Z, Fzgc —Coll,.#. Seman-
tically, for such a formula .7, the collection in the metatheory named by the
symbol

{x : Z[x]} ()

is not a set.
Indeed, using I11.4.1(i) above, we translate the formal “t-zgc —Coll,. 2"
into the theorem, written in English,

“There is no set y such that y = {x : .Z2}” ()

Then, Platonistically, for such a formula . Z we know that the collection (x) is
not a set in the metatheory, since the theorems — such as (xx) above — of the
formal theory are true in the standard model.

For example, we can state that “{x : x ¢ x} is not a set in the metatheory”.
The quoted fact is the translation of our formal knowledge that “There is no set
y such that y = {x : x ¢ x}”, or in full formal armort

= —|(Ely)(—|U(y) AVX)x €y < x ¢ x)) D@

For the semantic and informal side of things and for future reference we
state:

I11.4.3 Informal Definition (Real Classes). A (real) class is a collection that is
first order definable in the standard structure (in the language of ZFC). Specif-
ically, the class term

{x : A2, 21,...,22)} €))]
names a real collection, also denoted by A(zy, ..., z,), that s first order defined
by the formula .Z(x, z1,..., z,). That is, for any choice of values for the

T The reader will recall that this is a fact of logic, whence just “+".
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parameters 71, . . ., Zn,
x €Azy,...,zp) iff A(x,z1,...,2,) 18 true
If, for some choice of closed terms 7,, Fzpc Coll,. Z(x, 11, ..., ), then A(7,)

denotes a real set; otherwise it denotes a non-set class, called a proper class.

For the sake of convenience we will use “blackboard bold” capital letters as
short names of classes; e.g., A abbreviates the class term {x : .7} and we may
write, using the metalinguistic “=",

A={x:.7}

These names are metavariables.! We will normally adopt the general convention
of naming a class term by the blackboard bold version of the same letter that
denotes the defining formula.

For example, A =Bis short for {x:. 72} = {x:.%}, A € B is short for
{x:.7Z} € {x:. 7}, etc. — expressions which can be translated into the formal
language using I11.4.1. O

II1.4.4 Remark. (1) Worth repeating: Class terms are just symbols that name
certain entities of our intuition, namely, classes. We will often abuse terminology
and say “let {x : .Z} be a class” rather than “let {x : .2} name a class”, just
as one may say (under the assurance of Fzgc Coll,.72) “let {x : .7} be a set”.
Properly speaking, a class term is an syntactic object, while a class is a “real”
object.

(2) What class terms and classes do for us is analogous to what number
theory argot does for us in Peano arithmetic (PA). Such argot allows us to
write, e.g., the easily understandable informal text

Fpa every n > 1 has a prime divisor
instead of
Fpa (Vn)(n >1— (EIx)(EIy)(n =X XYA

x>lA(Vm)(Vr)(xzmxr—)m:l\/mzx)))

T We note that N, Z,Q, R, C are already reserved for the natural numbers, integers, rational num-
bers, reals, and complex numbers. These are metalinguistic constants. Besides, we have al-
ready called the Russell proper class “R”, and later we will use “On” and “Cn” for certain
proper classes. This does not conflict with the blackboard bold notation for indeterminate class
names.
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In particular, in the context of class terms one can readily replace “stands
for” by “<«” to write — for example — something like (cf. II1.4.1(7))

Fy={x: 7o -Upy)AMVx)x €y <.7) (%)
We can obtain (an absolute) proof of (x) by starting with the tautology
SUAMV) x ey <. 7)< U ANM)(X €y < .7)

and then abbreviating the left hand side, “—~U(y) A (Vx)(x €y <>.7 )", by
“y = {x : .7} using the translation rule IT11.4.1(7).
(3) Every “real” set named by some formal term 7 is a class, since (by I11.2.8)

y={x:x ey}
and hence
t={x:x et}
by substitution. O
II1.4.5 Example.
(@)

y=A ey

(or A = y) is very short text for y = {x : .7}, which in turn is short for
(I1.4.1G))

“U)ANx)(x €y < 2) 2)

Thus, whenever we claim that we can prove (1), we really mean that we

can prove (2). In particular, such a proof yields also a proof that

(1) Coll,.# (by substitution axiom and modus ponens); hence {x :.Z} is
(i.e., can be introduced as) a set term; thus, A is (denotes) a set.

Pause. What is all this roundabout argument for? Why don’t we just
say, “A, a class, equals a set y.* Therefore, it is itself a set”?

(i) x ey < A
(b)
AeB 3)

T Without loss of generality, x is not free in 7.
 Recall the convention on variable names. y names a set or atom, but it is not an atom here.
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is very short for
{x: 2} e{x: Zlx]l} 4)
which is short for (II1.4.1(iv))
@N(-UM) A (V0 € y <. 4) A Bly]) 5)

Now, to say that we have a proof of (3) (or that we assume (3)) is to say that
we have a proof of (5) (or that we assume (5)). From the latter, tautological
implication along with 3-monotonicity (1.4.23) yields

@(-UM A (WD) €y . 2)

that is, Coll,.Z. In words, “(3) implies that A is a set”. This corresponds
well with our intention that class members are sets or atoms. Here A, being

a collection, is not an atom.

O

111.4.6 Example. By IIL4.1(i, ii), if y = A then A = y, and if A = B then

B = A.f Moreover, A = A is a theorem of logic, since - .7 < 7.

Transitivity of this (informal) class equality is also guaranteed, from

A < B, B < C Etaut -4 < 7 and Definition 1I1.4.1(ii).

O

I11.4.7 Informal Definition (Subclass and Superclass of a Class). The nota-

tion A C B stands for

Vx)(x € A - x € B)

and is pronounced “A is a subclass of B”, or “B is a superclass of A”. We can

also write B D A.

A C B(alsoB D A)stands for A € B A —A = B andisread “A is a proper?

subclass of B” (also “B is a proper superclass of A”).
If A C B and A is a set we say, as before, that A is a subser of B.

We have at once:

111.4.8 Proposition.

(i) FACB < (Vo) (A4 — .7)
(i) FACBABCA < A=B

 Indeed, - A = B <> B = A translates to the formal - (% <> . %) <> (% < . 7).

¥ This “proper” qualifies “subclass”, not “class”. Thus a proper subclass could still be a set.

O
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Proof. (i): ACB < (Vx)(x € A — x € B) is a tautology “& <> & by 111.4.7.
We use II1.4.1 to eliminate “x € ---”; thus = A C B < (Vx)(.Z — .%).
(ii): We translate (i) using (i) that we have just verified, and I11.4.1:

V) A2 = BYNNXNDB — 2) <> VX)W A < B

Distribution of V over A to the left of the first <>, along with the tautology
theorem and equivalence theorem, shows that the above is a theorem of pure
logic. O

Pause. So, does (i7) above prove extensionality?
I11.4.9 Example. What can we learn from Fzpc —U(y) A A C y? Well, I11.2.8,
II1.4.7 and II1.4.8 allow us to translate the above into
Fzrc ~U() A (Yx)(Z — x € )
By II1.2.12 and modus ponens we get
Fzrc Coll,. 4
That is, A is a set. Another way to say all this is

Fzrc "UW)AACy — Coll # O @
The above is worth immortalizing, in English:

111.4.10 Proposition (Class Form of Separation). Any subclass of a set is a
set.

I11.4.11 Example. We translate the very common informal text “A # (”: first,
into =({x : .2} = ), and next, taking zrc ¥ = {x : —x = x} into account,

—(Vx)(A < —x = x)
that is,

@A)~(2 < —~x =x) ey
But

Fraut ~(C < 7)) < (0 < =)
Thus (1) is provably (within pure logic) equivalent to
@x)( A2 < x =x) (2)

by the equivalence theorem.
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Since x = x is a logical axiom, (2) is provably (within pure logic) equiv-
alent to
Ax).7

This is the translation of A # ). Correspondingly, A = @ translates to —(3x). ~.
A class that equals @ is called, of course, empty. However, many authors also

use the term void, or null, class if A = J, and correspondingly, non-void, or
non-null, if A # @. O

111.4.12 Informal Definition (Class Union, Intersection, and Difference).
We introduce the following metalinguistic abbreviations:

(a) AUB, pronounced the union of A and B, abbreviates {x : x € AV x € B}.

(b) ANDB, pronounced the intersection of A and B, abbreviates {x:x € A A
x € B}. If ANB = @, then we say that A and B are disjoint.

(¢) A — B, pronounced the difference of A and B in that order, abbreviates
{x:x e AAx¢B} O

@ Some authors use “~” or even “\” for difference instead of “—". @

I11.4.13 Example. ¥ A — B = B — A. Indeed, if a # b,
Fx:x=al—{x:x=avx=>b}=0
while

F{x:x=avx=b}—{x:x=a}={x:x =0b} O
It is immediate that

1I1.4.14 Proposition. If A or B is a set, then so is A N B. If A is a set, then so
is A —B.
Proof. By I11.4.10 and (1)—(3) below:

(DFANBCA
Q) FANBCB
G FA-BCA

To see why (1) holds, we eliminate class terms:

VX)) ANB — )
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The above is provable in pure logic. Similarly for (2). Also, (3) translates to

X)) AN=L — ) O

Associativity of each of U and N (Exercises II1.19 and II1.20) allows one to
omit brackets and write “A N B N C” or, by recursion on n € N,!

I11.4.15 Informal Definition.

-

—_ =

A; stands for A,

s~
+

A; stands for (O A,-) UA,

i=1

and

A; stands for A,

-

.
I

A; stands for (ﬁ Ai) N A,

i=1

Il
—_

The symbols “(_J;_,”and “()._,” are also written as “(_J, _; ., ”and “(, _, _,,”
respectively.

In a moment of weakness one may find oneself writing “A; U---UA,” and
“A;N---NA,” respectively. O

1I1.4.16 Remark (Formal N and Difference). We cannot prove similar results
(to those contained in I11.4.14) for union yer. We will have to wait for the axiom
of union.

Note that in a classless approach one could carry out Definition I11.4.12 and
Proposition I111.4.14 as follows:

For the definition, for example of “N”, one would introduce a new 2-ary
(binary) function symbol, “N”, formally by the defining axiom

xNy=z<x " UDANVw)(wezc>weEXAWEY) (i)
(i) is legitimate because zrc Coll,,(w € x A w € y). Indeed,

Fhnt W EXAWEY > wWEX (ii)

T Recall that definitions, both formal and informal ones, are effected in the metatheory, where we
have tools such as natural numbers, induction, and recursion over N.
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Thus (by I11.3.6)
Fzrc Coll,(w € x Aw € y) (iii)

We note that x N y makes sense formally even when one or both of x and y
are atoms, whereas the informal N was defined only for classes.” The defining
axiom (i) and III.1.3 prove

FaecUx) > xNy=40
and
Fzec U(y) > xNy =0
Similarly, difference would be introduced formally by
x—y=z< " UDANw)(w ez wexA—wEYy) (v)

The proof of the legitimacy of (v) is left to the reader. Note that here too
x —y, formally, makes sense for atom “arguments”. Moreover, we have the
“pathological” special cases

FZFCU(X)%x—y:VJ
and
Fzrc “Ux) > UQy) > x—y=x

So much for the formal “N” and “—". Of course, the defining axiom for the
formal “U” will still have to wait for the union axiom.

Since we would have sooner or later to extend the formal “N”, “U”, “=”
(recorded below) to the class versions to use in our argot, we decided to in-
troduce these symbols as (informal) abbreviations to begin with (as is done in,

e.g., Levy (1979)). O @

I11.4.17 Definition. For the record, we introduce the 2-ary function symbols
“N” and “—” formally to our language, and add the defining axioms (i) and (v)
of 111.4.16 to our theory.

The context will easily tell in each use whether we are employing these
symbols formally, or as abbreviations as per 111.4.12. O

t It is normal practice in a first order language to insist that function symbols stand for torally
defined or total functions, upon interpretation. Thus it is appropriate that N and — are defined on
all objects.
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111.4.18 Informal Definition (the Universe; the Universe of All Sets). We
introduce the following abbreviations for the class terms {x:x=x} and
{x:=Ux)}:

Uy ={x:x =x}
and
Vi = {x: =Ux)}

In the “real” sense, i.e., semantically, Uy, is the universe of all objects set theory
is about, while V, is the universe of all sets, i.e., the atoms are not included in
Vu (they are used however to build sets). O

The following is immediate.

111.4.19 Proposition.

(1) Uy is a proper class.
(2) Fzrc Uy =V U M.

Proof. (1): Indeed, R, the Russell class, satisfies R C Uy, since x ¢ x —
x = x. If Uy, were a set, then so would R be by I11.4.10.
(2): Uy = Vyy U M translates to (by 111.3.2, II1.4.1(ii) and 111.4.12)

x=x<—-Ux)VvUx) a

Once we have the union axiom (which says that the union of two sets is a set),
we will obtain that V, is a proper class too (by (2) above and 111.3.1).

I11.4.20 Remark (Alternate Universes). (1) The symbol Uy will, in general,
denote the class of all sets and atoms built from the arbitrarily chosen initial set
of atoms N € M.If N = (4, then we simply write U rather than Uy. The reader
will note that while Uy, (where M is the set of all urelements) is trivially given
by the class term {x :x = x}, it takes, a glimpse forward (to Chapter VI) to
show that Uy can also be defined by a class term — as we require for all classes —
for any N € M. One way to do this is using the support function, “sp”
(see VI.2.34), namely Uy = {x:sp(x) € N}. The latter says, “an object is
in Uy iff when we disassemble it all the way down to its constituent urele-

ments, all these urelements are in N”'.

T Note that if M % ¢ then M C R; thus R € V.

4



I11.5. Axiom of Pairing 145

Similarly, we can define the class of all sets whose construction is based on
the urelements in N € M, Vy. We write just V for V. We note that Vy is
given by the class term {x : =U(x) A sp(x) € N}.

(2) In many elementary developments of the subject one often works within
a “reference set”, or “relative universe”, X (a set), and the sets of interest are
subsets or members of X. With this understanding, one would write “—A” or
“A” for X — A (where A C X, and therefore A is a set) and call “—A” the
complement of A (with respect to X). Note that for any set A € Uy, Uy — A
(for any N € M) is a proper class (Exercise III.21); thus we will have little
use for complements. It is the difference (most of the time of sets, rather than
classes) that we will have use for. O @@

We note our intention to use informal class notation extensively. Therefore,
it is important to remember at all times that ZFC set theory does not admit
(proper) classes as formal objects of study.!

Invariably, there is nothing that we can say with the help of a class term
{x:.Z(x)} that cannot also be said — with a lot more effort and a lot less in-
tuitive transparency — by just using the formula . Z(x) instead (e.g., Bourbaki
(1996b) and Shoenfield (1967) do not employ classes at all). Definition I11.4.1
will be used as a tool to eliminate class terms in order to go back to the formal
language of set theory — whenever such caution is necessary (notably in the
introduction of axioms).

IIL.5. Axiom of Pairing

Consider now any two sets A and B. Say the first was built at stage ¥4 and
the second at stage X 5. We have no difficulty imagining that a stage X exists
following both these stages. By Principle O (p. 102), at stage ¥ we can built any
set whose elements are available. In particular A and B are available; thus a set
that contains exactly A and B exists. However, the axiom that flows from this
discussion — the axiom for pairing — will have a simpler form if we allow the
possibility of additional members, beyond A and B, in the set asserted to exist.

IIL1.5.1 Axiom (Unordered Pair). For any atoms or sets a and b there is a set
c such that a € c and b € c. Oy, stated in the formal language,

(FA)aezAbey)

t Other axiomatizations of set theory, originating with Gédel and Bernays, admit (proper) classes
as formal objects of study. See for example Monk (1969).
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or still (universal closure of the above)

Vx)(Vy)F)(x €z Ay €2)

IIL1.5.2 Remark. By III.1.3, Fzpc a € z— —U(z). Thus, by tautological im-
plication Fzpc a € zAb € 7 < —=U(z) Aa € z Ab € z. The equivalence
theorem then gives

Fzrc @2)(—U(@) Aa ez Abez)

Thus the object z guaranteed to exist in I11.5.1 is a set, as expected. O @
IIL.5.3 Proposition. Fzrc (Va)(Vb)Coll,(x =a v x = b).

Proof. It suffices to prove
Fzec Coll,(x =a Vv x =b)

We have

() G)aeczabez) 111.5.1)

2) aeAAbeA added; A is a new constant>

B) aceA (2) plus taut. implic.>
4 beA (2) plus taut. implic.>

(5) —U(A) (3) plus IIL1.3 plus Mp)

(7 x=b—>xeA<becA Leibniz axiom>
B x=a—>xeA (6) and (3) and taut. impl.>
Q) x=b—o>xcA (7) and (4) and taut. impl.>

(10) x=avx=b—>xecA

<
<
<
<
(
6) x=a—>(xeAsacA <Leibniz axiom>
<
<
<
<(8) and (9) and taut. impl.>
(

(11) Colly,(x =a Vv x =b) (10) and (5) and III.2.11> 0
II1.5.4 Corollary. Fzpc Coll.(x = a).

Proof. See the proof above, and use (5) plus (8) and III.2.11. Alternatively
(without referring to the proof), by Emut X =a <> x =a VvV x =a. O
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I11.5.5 Definition (Pairs and Singletons). The above proposition and its corol-
lary allow the formal introduction of the set terms
{x:x=avx=>b} (D
and
{x:x=a} (@)
We also introduce the terms {a, b} (unordered pair) and {a} (singleton) by
the formal definitions (cf. I11.2.4)
{a,b} ={x:x =aVvx=>b}

and

{a} ={x : x =a} O

I11.5.6 Remark (Denoting Sets by Listing). We say that {a, b} and {a} denote
sets by explicit listing of their members. We note that the informal notation
N = {0, 1, 2,...} does not denote a set by explicit listing (in the metatheory).
Such notation is only possible for what we intuitively understand as “finite” sets.
The “...” indicates our inability to conclude the listing and hints at a “rule”,
or understanding, of how to obtain more elements. Such understanding depends
on the context (in the case of N, just add 1 to get the next member). O @

IIL1.5.7 Proposition. Fzgc {a, b} = {b, a} and F-zrc {a} = {a, a}.

Proof. By 111.2.6, commutativity of Vv, and idempotency of v (i.e., =raut . % <
AN ). O

II1.5.8 Remark. (i) Why “tzpc” rather than just “I-” above? That is because
{a, b} and {a} were formally introduced as terms (sets) in II1.5.5. Their intro-
duction necessitated the prior proof in (our present fragment of) ZFC of the
formulas Coll,(x = a vV x = b) and Coll,(x = a). As far as the class terms
{x:x =aVvx =>b}and {x : x = a} are concerned, we havef

F{x:x=avx=bl={x:x=bVvVx=a} €))]
and

F{x:x=a}={x:x=aVvx=a} 2)

T Cf. 1L.4.1 regarding the use of the unbracketed “=""in (1) and (2).
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by II1.4.1, since the above simply abbreviate
Fx=avx=b<x=bVx=a 3)
and
Fx=a<x=aVvVx=a “)

Thus, (1) and (2) are just stating the tautologies in (3) and (4), while Proposi-
tion II1.5.7 states much more in between the lines, in particular that {a, b} and
{a} are sets.

If we had introduced the pair and singleton as abbreviations of the respective
class terms instead,’ then the above proposition would be provable in pure
logic — for it would be just stating (3) and (4) — and whether or not the terms
referenced are sets would be a separate issue.

This remark was necessitated by our decision not to differentiate the notations
for set terms and class terms.

(i1) Proposition II1.5.7 is popularized in naive set theory by saying “when
we list the elements of a set explicitly, multiplicity or order of elements does
not matter”. O

I11.5.9 Remark (Relaxing the Proof Style). It would be counterproductive to
introduce a rich argot towards the simplification of formal texts on one hand,
while on the other hand we continue to offer extremely detailed formal proofs
such as the one for II1.5.3. Well, we do not have to be that formal always,
nor can we afford to be so when our arguments get more involved. We will
frequently relax the proof style to shorten proofs. This relaxing will invariably
use shorthand tools such as English text, class terms, and a judicious omission
of (proof) details.

For example, a relaxed version of the proof of II1.5.3 would read like this:
Let a and b be any objects (i.e., sets or urelements). Let us denote by ¢ any
set (asserted to exist in III.5.1) such that a € ¢ and b € c [this combines
steps (1)—(5) of the formal proof]. Thus {x:x = aVvx = b} C c; hence
{x:x = avx = b} (denotes) is a set by separation (II[.4.10) [the obvious
steps (6)—(10) were just compacted to (10)]. d

@ While the axiom of pairing is not provable from the axioms that we had at our
disposal prior to its introduction (see p. 133), it becomes provable once (an

T This is how it is often done; e.g., Levy (1979).
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appropriate version of) collection and power set axioms are introduced (see

Exercises 1I1.15 and I11.16). @@

II1.6. Axiom of Union

How about the classes {x :x =aVvVx=bVx=c}and{x:x=aVvx=bV x=
¢V x =d} —for short, {a, b, c} and {a, b, c, d} — where a, b, c, d are arbitrary
objects? Are these sets?

Of course, we could invoke Principle O (p. 102) again, and show that these
classes are sets indeed. However, it is not fitting an axiomatic approach to go
back to this metamathematical principle all the time. It is more elegant — and
safer — to have just one axiom that will imply that all such objects are sets.
What we have in mind is something more powerful than an endless sequence
of axioms for (unordered) triple, quadruple, etc.

We already know that {a, b}, {c, d}, and {c} are sets. Then, applying pairing
again, the following are sets too:

{{a, b}, {c}) ()

and

{{a, b}, (e, d}) @

What we need is the ability to remove the level of braces just below the outer-
most, to obtain the (unordered) triple (from (1)) and quadruple (from (2)). In
essence, we want to know that, in particular, {a, b} U {c} and {a, b} U {c, d} are
sets.

We will address this immediately, but in somewhat more general setting.
First, we will define the operation that removes the “top level” of braces of all
non-atomic members of a class. To this end, and in all that follows in this volume,
we will benefit from a notational device. We often use bounded quantification in
set theory, i.e., “there is an x in A such that...” and “for all x in A it follows
that ...”.

I11.6.1 Informal Definition (Bounded Quantification). The notations (3x €
A).7 and (Vx € A).7 are short forms of (x)(x € AA.7 ) and (Vx)(x € A —
7 ) respectively. O

I11.6.2 Example. We can easily verify that De Morgan’s laws hold for bounded
quantification, i.e.,

F@x € A)T < =(Vx € A)~7
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Indeed,

=(Vx € A)—~7
o <by III.6.1>
—(Vx)(x € A - =F)
<~ <equiV. theorem>
—(Vx)(—x € AV ~7)
<~ <“V-De Morgan”)
@x)~(—x e Av—-7)
<~ <“\/-De Morgan” and equiv. theorem)
@x)x e AANT)
o <by III.6.1>
Gx e A7 ] @

II1.6.3 Informal Definition (Union of a Class; Union of a Family of
Sets). Let A be a class. The symbol [ J A is an abbreviation of the class term
{x:(3y € A)x € y}. Weread | J A as the union of all the sets in A.

If A contains no atoms, then it is called a family of sets, and |_J A is the union
of the family A. O

I11.6.4 Remark. Let A = {x : . Z[x]}. We have a number of variations in the
notation for (_J A, namely, [, ., x or J{x : . Z[x]} or [ _,,;x. In any case,
after we eliminate class notation, all these notations stand for the class term
{x : @n(AZIy]l Ax €y} O

I11.6.5 Example. [ J {#, {13, {1, {2}}} = {|, 1, {2}}, where “#”, “|”, “17, “2”
are names for atoms. So, in the result of the union, “loose atoms” are lost. O

Let now A be a set, and consider | J A, that is, {x: (y € A)x € y}. Let A
be formed at stage X. Then each y € A must be available before ¥, and since
x € y for each x that we collect in | A, a fortiori, x is available before . It
follows that | J A itself can be built at X as a set, so it is a set. As in the case of
pairing, we state the following axiom of union in a “weak” form. It asserts the
existence of a set that contains the union as a subclass. This, by I11.4.10, makes
the union a set.
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I11.6.6 Axiom (Union).

F)V)Vy)x e yny e A —> x €2) ey

I11.6.7 Remark. Formula (1) has A as its only free variable. Of course, it is
equivalent to a version that is prefixed with “(VA)”. Now, this axiom is stated
a bit too tersely (especially for our flavour of ZFC, which allows atoms) and
needs some “parsing”.

(a) (1) is provably equivalent to

—U(A) > @D)Vx)Vy)x eyAy e A —> x €2) 2)

Indeed, (2) is a tautological consequence of (1). Conversely, (1) follows from (2)
and proof by cases, because we can also prove

UA) > F)(Vx)Vy)x eyAy€EA —> x €7) 3)
Let us do this. We have
U(A) Fzrc —y € A
Thus, by tautological implication,
UA) Fzrex eyAy€eEA > x €2

Now, generalization followed by an invocation of the substitution axiom
gives

U(A) Fzee AD)VX)Vy)(x eyAY EA —> x € 7)

from which the deduction theorem yields (3).

(b) (1) does not ask that z, whose existence it postulates, be a set (it could
be an atom). However, we can show using (1) that

e B)(~U@ AWK EyAyEA—>xED) (@

To see this, let B be a z that works (we are arguing by auxiliary constant) in (1).
Thus we add (to ZFC) the assumption

Vx)Vy)x eyAyeA—>x€B) 5)
Hence

X€EyYyANyeA—>x€eB 6)
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We have two cases (proof by cases):
* Let(i.e., add) =U(B). By (5) and tautological implication, we get
“UB)ANVx)Vy) x eyAnyeA—x €B)

and then the substitution axiom yields (4).
e Let(i.e.,add) U(B). By IIl.1.3 and the assumption we obtain —x € B; hence

XEB—>xe

by tautological implication. (6) and tautological implication (followed by
generalization) yield

V)Vy) x eyrnyeA— x )
from which
“U@D)ANVX)Vy) x eyAnyeA— x el
Once again, the substitution axiom yields (4). O @

I11.6.8 Proposition. Fzrc Coll, ((Eiy € A)x € y), where A is a free variable.

Proof. We use (4) of I11.6.7(b). Add then a new constant B and the assumption

“UB)ANVx)Vy) x eyAnyeA— x €B)

Thus
—~U(B) ()
and
xXeEynyeA—->xeB @ii)
We can now show that
@y)yeAAxey)>x€eB (iii)

which will rest the case by III1.2.11 and (i). Well, (iii) follows from (ii) by
J-introduction. O

II1.6.9 Definition (The Formal Big | and Little U). For the record, we
introduce into our theory a unary (1-ary) function symbol, “| J”, formally, by
the defining axiom

UA =zo U AVX)(xezo @y eAxey) (1)
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We also introduce a new binary (or 2-ary) function symbol, “U”, by the defining
axiom

xUy :U{x,y} (2)
O

@ Worth repeating: If A is a set, then so is | A. Indeed, the assumption translates
to Coll,.Z; hence the class term A — that is, {x :.Z} — is (really, names) a
formal term “¢” of set theory. So is | # by definition of terms, and II1.6.9.
But is it an atom? Since Fzpc —U ( U x) by the preceding definition, where
x is a free variable, Fzpc —U ( U t) by substitution. @

I11.6.10 Remark. By II1.6.8 the function | J “makes sense” for both set and
atom variables. It is trivial to see from (1) above that

Fzrc U(A) — | JA =10

It follows that the binary formal U also makes sense for any arguments and that
Fzrc U(A) AU(B) — AU B = 0. 0

I11.6.11 Example. What is | J{a, b}? How does it relate to the informal defini-
tion (I11.4.12, p. 141)? Let us calculate using I11.6.3:

x:@nOefa,birxey={x:A@nN(y=avy=>bAxey)
={x:@y)y=arxeyvy=barx ey}
={x:@N0=arxey)v@)y=>brxey)
={x:xe€eavxeb}
=aUb

The second “=" from the bottom was by application of the “one-point rule”
(I.6.2). Note that in “a U b” we are using the formal “U” to allow this term to
be meaningful for both sets and atoms «, b. O

I11.6.12 Informal Definition (Intersection of a Family). The intersection of
a family TF, in symbols () F, stands for {x : (Vy € F)x € y}.

Ifforevery two A and B inafamily Fitisthecasethat A # B — ANB =0,
then we say that [F consists of pairwise disjoint sets or is a pairwise disjoint
family. O

t “Ula, b}” of T11.6.3 is meaningful for both sets and atoms a, b. So is the formal “U” of I11.6.9,
unlike “A U B” of II1.4.12, which is defined only for class arguments.
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(1) Operationally, we certify things such as “F is a pairwise disjoint family”
by proving in ZFC the defining property “A # B — A N B = {J for all sets A
and B in . Correspondingly, a statement such as “Let IF be a pairwise disjoint
family” is another way of saying “assume that A # B — AN B = { for all
sets A and B in F”.

(2) We are not interested in the intersection of arbitrary classes (that may
contain atoms, and hence not be families) in introducing the big-() abbreviation.
We will also make an exception to what we have practiced so far, and we will
not introduce a formal counterpart for ().t It is sufficient that we have a formal
little N.

Let A = {x:.Z[x]}. We have a number of variations in the notation for

NA: Nyepxor Nfx:Zx]}or () X @

II1.6.13 Example. Let F = {{1, 2}, {1, 3}} (this family is a set; working in the
metatheory, apply pairing three times). Then (F = {1}.

Let now G be any family, and a € G. Then (|G C a. Indeed, the translation
of the claim (by II1.6.12 and I11.4.7) is

aeG—-> V) yeG—-xey)—>xe€a N

We can prove (1) within pure logic: Assume a € G and (Vy)(y € G — x € y).
By specialization, a € G — x € a; hence (MP) x € a. By the deduction theo-
rem, (1) is now settled. What happens if G = #? (See Exercise 111.18.) O

I11.6.14 Proposition (Existence of Intersections). Ifthe family F is nonempty,
then (\F is a set.

Proof. By Example I11.6.13 and separation (II1.4.10). O

w9

Priorities of set operations.
ments) and “U” have the same priority and associate right to left. “N” is stronger
(associativity is irrelevant by Exercises I11.19 and II1.20). Thus A — BUC =
A—(BUC),whileANB-C=(ANB)—C,ANBUC=(ANB)UC.
When in doubt, use brackets! @

(that s, difference — as we will not use comple-

I11.6.15 Proposition (De Morgan’s Laws for Classes). Let A, B, C be arbi-
trary classes. Then,

(HFC-—AUB) =(C-A)N(C —-DB)and
2QFC—-ANB)=(C-A)U(C—-DB).

 We do not feel inclined to perform acrobatics just to get around the fact that (¥ cannot be a
formal term: it is not a set (see Example I11.6.13 below).
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Proof. We do (1) imitating the way people normally argue this type of thing,
“at the element level”. The proof uses pure logic and Definitions I11.4.1, I11.4.3,
1I1.4.8, and I11.4.12.

C:Letx € C— (A UDB). Then

xeC ()
and
x ¢ (AUB) i)
By definition of U, (ii) yields
x¢AArx¢DB (iii)

Combine (i) and (ii7) to get (by definition of difference)
xeC-—AAxeC-B

or (by definition of N)
xe(C-ANC-B)

Done, by the deduction theorem.
D:Letx € (C— A)N(C —B). Then

xeC—-—AArxeC-B

Hence

xeC (iv)
and

x¢AArx¢B
This last one says (by definition of U)
x ¢ (AUB)
which along with (iv) gives
xeC—-(AUB)

Case (2) is left as Exercise I11.26. O

I11.6.16 Example. A better way, perhaps, is to use translations and reduce the
issue to a tautology: (1) above translates to (Il1.4.1, 111.4.3 and 111.4.12)

CNAN=(ANDB)< (CANAYNE N-L)
Noting that (by propositional De Morgan’s laws)
Erut Z A—(2NV.B) < CAN—AN-SR)

we are done. O
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II1.7. Axiom of Foundation

II1.7.1 Example. We have seen that the “absolute universe”, Uy, = {x : x = x},
is a proper class.

The Russell paradox argument does not depend on what exactly M is; there-
fore an alternate Russell class, {x € Uy : x ¢ x}, exists in all alternate universes
Uy (where @ € N € M — see 111.4.20). Thus all universes Uy are also proper
classes. O

Informal Discussion (towards Foundation). In preparation for the axiom of
foundation, we next reexamine the “magic” of the statements x ¢ x and x € x.
Some people react to Russell’s paradox by blaming it on an expectation that
x € x might be true for some x. This is not the right attitude, regardless of what
we think the answer to the question x € x is. After all, there is an alternative
“theory of sets” where x € x is possible, and this theory is consistent if ZFC
is — 80, in particular, it does not suffer from Russell’s paradox.f

What really is taking place in the Russell argument is a diagonalization —
a technique introduced by Cantor to show that there are “more” real numbers
than natural numbers — and this has nothing to do with whether x € x is, or is
not, “really true”.

We can visualize this diagonalization as follows. Arrange all atoms and sets
into a matrix as in the figure below:

a b ¢ D B A X

[ A A A S

e O &9

The a, b, c, ... that label the columns and rows are all the sets and atoms
arranged in some fashion. We may call these labels the heads of the respective
rows or columns that they label.

Each entry, i, can have the value O or 1 or the name of an atom (without
loss of generality, we assume that no atom has as name 0 or 1). This value is

 See Barwise and Moss (1991) for an introduction to hypersets.
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determined as follows:

0 ifzew
Entry atrow zandcolumnw = § 1 ifz ¢ w A =U(w)

w if U(w) [N.B. This entails z ¢ w]

Here are a few examples: Say a is an atom. Then all the i’s in column a have
value a. Let b = {b, D}.T Then column b has 1 everywhere except on rows b
and D, where it has 0. Conversely, the head of a column sequence of 0, 1, and
atom values is determined by the sequence.! For example, the sequence of 1
everywhere determines J; the sequence

1101...
~—~—
all 1

i.e., the one that has 1 everywhere except at (row) position ¢, where it has a 0,
determines the set {c}.

Let us now define informally a sequence, and therefore a class that we will
call R, by going along the main diagonal (that is, along the matrix entries
(a,a), (b, b), (c,c),...) “reversing” all the i-values (specifically, nonzero to 0
and O to 1). That is,

-~ 0 at position x if entry(x, x) is not a 0
the sequence for R has a o ) (1
1 at position x if entry(x, x) is a0

It follows that the sequence for R differs from the sequence for any x at posi-
tion x.

Thus, R cannot occur anywhere in the matrix (as a column) —for if it occurred
as column x, it then would be “schizophrenic” at matrix entry (x, x) — so it is
not a set (recall, the matrix represents all sets and atoms as columns).

What is the connection with Russell’s paradox? Well, in (1) we are saying
thatx € Riffx ¢ x;hence R = R, the Russell class! The above diagonalization
can be readily adapted to “construct” a set that is not in a given set b. All we
have to do is to think of the matrix as “listing”, or representing, just all the
atoms and sets in b rather than in Uy, (see Exercise II1.6).

T In view of what we said in the preceding footnote regarding hypersets, we allow just for the sake
of this discussion the generality where b € b is possible.

¥ Do not expect all sequences to appear as columns. For example the sequence whose members
are all 0 denotes Uz, but our matrix heads are only sets or atoms.



158 III. The Axioms of Set Theory

We have chosen to describe (by ZFC) a standard model where, among its
properties, we have that x € x is always false, by Principle 1.! Similarly,
a € b € a and, more generally,a € b € --- € a are absurd in our model, for
the leftmost a should be available before the rightmost a for such a chain of
memberships to be valid (Principle 1).

Note that if, say, a € b € a were possible, then we would get the “infinite”
chain

...aebeacebeacbea (1)

i.e., a would be “bottomless”, like an infinite regression of a “box in a box in a
box in a box...”. Sets that are not bottomless are called well-founded.

A bit more can be said of the standard model. It is not only “repeating”
chains such as (1) that are not possible, but likewise non-repeating infinite
“descending” chains such as

ceedp €A1 € €A €41 € Qo (2)

There are no bottomless sets, period.

Towards formulating an appropriate axiom of ZFC that says “bottomless sets
do not exist”, let A be any nonempty class. Assume that it contains no atoms.
Now, there must be a set (maybe more than one) in A that was constructed no
later than any other set in A (for example, if # and | name atoms, and if {#} € A
and {|} € A, then {#} and {|} are two among those sets in A that are constructed
the earliest possible).

Let now, in general, y be such an earliest-constructed setin A, and let x € y.
It follows that x ¢ A (for x is an atom — hence not in A — or is a set built
before y). The existence of sets like y in A captures foundation. Thus, taking
A to contain precisely the members of (2), we see that (2) is absurd. @

I11.7.2 Axiom (Foundation Schema). Class form:
A#0— Ty eA)(—3x eyx el
or, applying De Morgan’s laws,
A#0—> FyeAWVxeyx ¢ A
The axiom expressed in the formal language is the schema

@) 2yl = G(AZIyI A =(3x € y).Z[x])

T Note that in such a state of affairs all entries (x, x) are nonzero; thus R is the sequence composed
entirely of 0, representing U . This is as it is expected, since now R = Uy,.
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II1.7.3 Remark.

(1) The foundation axiom (schema) is also called the regularity axiom.

(2) The schema version of foundation is due to Skolem (1923). It readily
implies — using .72 = y € A — and is implied’ by the single-axiom
(non-schema) set version where A is a free variable other than y:

@y)y € A— @y)(y € AA—=(@Ex € y)x € A)
or
—U(A) > A#£0— 3y € A)(—3Fx € y)x € A)

(3) The discussion that motivated II1.7.2 was in terms of a class A that contained
no atoms. No such restriction is stated in II1.7.2, for trivially, if A does
contain atoms, any such atom will do for y. If it is known that A is a family
of sets (i.e., that it contains no atoms), then foundation simplifies to

A#£0—> AyeA)ynA=0¢

(4) If for a minute we write < for €, then IIl.7.2 (formal language version)
reads exactly as the least number principle on N. Of course, € is not an
order on all sets; however, if its scope is restricted on appropriate sets, then
it becomes an order, and I11.7.2 makes it a well-ordering. More on this in
Chapter VI. O

I11.7.4 Example. Let us derive once again the falsehood of a eaanda € b e a,
this time formally, using the axiom (schema) of foundation.

Given a and b (sets or atoms), the sets S = {a} and T = {a, b} exist,! as we
saw earlier. Since S # (J, there is a y € § such that x € y is false forall x € §
(II1.7.2). The only candidate for either y or x is a. Thus, a € a is false.

0O.K,, let us repeat the above in a (formal) manner so that we will not be
accused of arguing semantically (saying things like “false” — colloquial for
“refutable” — and the like):

Fzec ~U({a}) — {a} # ¥ — 3y € {aDh(—@x € y)x € {a})
by II1.7.3(2) and II1.5.5. Since Fzpc —U ({a}) and Fzpc {a} # @, modus ponens
yields

Fzrc @y € {ah)(—(Ex € y)x € {a}) ey
t Not so readily. We will get to this later.

 “The set {a} exists” is another way of saying that “{a} is a set” or that “the term {a} can be
formally introduced”.
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Let B be a new constant, and add the assumption
B e{a} A—=(3x)(x € BAXx €{a}) 2)

or, as we say when we act like Platonists, “let B be an object such as (1) tells
us exists”. From (2) we derive B € {a} hence, by II1.5.5,

B=a 3
and
—(Ix)(x € BAx € {a})
which in view of (3) and II1.5.5 yields
—(Ix)(x €eanx =a)
i.e., (“one point rule”, 1.6.2, p. 71)
—a€a

We have just refuted a € a (a a free variable).

For T we only offer the informal (Platonist’s) argument: Thereisay € T
such that x € yisfalse forallx € T.

Case where y = a: Then we cannot have b € a.
Case where y = b: Then we cannot have a € b.

So we cannot have botha e band b € a (i.e.,a € b € a). d

II1.8. Axiom of Collection

In older approaches to set theory, when the formation-by-stages doctrine was not
available, how did mathematicians recover from paradoxes? “Sets”' like R and
Uy were known to be “paradoxical”, and this was attributed to their enormous
size. In turn, this uncontrollable size resulted into some of these ““sets” becoming
members of themselves, a situation that was (incorrectly) considered in itself
as paradoxical and a source of serious logical ills — such was the impact of Rus-
sell’s paradox and the central presence of the “self-referential statement™ x € x
in its derivation. For example, the “self-contradictory” (as they called it) “set of
all sets”, V,, certainly satisfied, according to the analysis at thattime, V; € V.

T We use the term “set” in quotes because at the time in the development of set theory that this
commentary refers there was no technical distinction between sets and proper classes. Rather,
there was a distinction between “sets” and “self-contradictory” sets; they were all sets, but some
were troublemakers and were avoided.

£ If x could talk, it would say “I am a member of myself”.
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That this was considered to be a “problem” can be seen, for example, in
Kamke (1950, p. 136) where he states that all “sets”, such as (Russell’s) R and
Vu, “that contain themselves as elements are ‘self-contradictory’ concepts as a
matter of course, and are therefore inadmissible”. He adds that no sets that con-
tain themselves are known that reasonable people would “regard as meaningful
sets”.f

So the “set of all sets” was to be avoided at all costs.* But how do you define
“large”? In the absence of an exact definition, at the one extreme you may be
out on a witch hunt, and at the other extreme you may be the victim of error
(see II1.8.1). Are all large “sets” members of themselves? (Again, see I11.8.1.)

Of course, all these worries were for the mathematician who worked on the
foundations of mathematics. The analyst, the number theorist, and the topologist
were not worried by such issues, for they worked in “small universes”, or
“reference sets”. That is, R (reals) or C (complex numbers) or Z would be the
reference sets of the analyst and number theorist: all the atoms they needed
were members of these reference sets, and any sets they needed were subsets
of the reference sets. The topologist too would be satisfied to start with some
“small” space (set), X, his reference, and then study subsets of X, looking for
“open” sets, “closed” sets, “connected” sets, etc.

In elementary expositions of set theory, even contemporary ones, the refer-
ence set approach is sometimes misrepresented as a logical necessity for the
avoidance of paradoxes.

Let us conclude this discussion by proposing a new informal (metamathe-
matical) principle, which invokes “largeness” in a relative sense (Cantor’s work
implicitly used this principle, which was first articulated by Russell). This prin-
ciple, on one hand, yields — by a different route — the axiom of separation; on
the other hand it yields the important axiom of replacement.

Principle 3 (The Size Limitation Doctrine). A classis a setif itis not “larger”
than some known set. Correspondingly, it is not a set if it is as large as a proper
class, for, otherwise this proper class would also be a set.

“Largeness” we will leave undefined, but this drawback is not serious, for we
will apply the principle (carefully, and only twice) just to “derive” two axioms.

f The reader is reminded of the nowadays acknowledged existence of such (hyper)sets (Barwise
and Moss (1991)) — not, however in ZFC.

¥ Indeed, mathematicians were suspicious of even the phrase “all sets” in something as innocent
as “...let us divide all possible sets into [equivalence] classes...” (N.B. Just let us divide,
not attempt to collect into a “set”.) See Wilder (1963, p. 100) for further discussion, where he
speculates whether the “concept” of “all sets” might be as “self-contradictory” as the concept of
“the set of all sets”.
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After this has been accomplished, we will forget Principles 0-3 and always
defer to the axioms.

II1.8.1 Example. Let B be a set and let A C B. Then certainly A is not larger
than B, so A is a set by Principle 3. Thus separation (see the class form of
the schema, I11.4.10) follows from the doctrine of size limitation as much as it
follows from that of set formation by stages.

Next, let U’ be the class of all singletons. Is this class “large” (hence proper),
or is it “small” (hence a set)? This example appears in Wilder (1963, p. 100)
(see in particular the closing remarks prior to his 4.1.2), where the argument
implies that this “set” is not “self-contradictory” (what we now call a “proper
class”), for, after all, it is far from containing “all sets”. In fact, in 4.1.2 (loc.
cit.) the “cardinal number 1” is identified with the “set” of all singletons (U’)
without any adverse comment.

Well, it turns out that U’ is a proper class, for it has the same size as Uy, as we
canreadily see from the fact that each x € U, corresponds to a unique {x} € U’
and vice versa. Thus, as a “set”, U’ would be every bit as “self-contradictory”
as Uy,. Incidentally, we must wonder to what extent the fact that, as a “set”, U’
clearly satisfied U’ ¢ U’ made it more acceptable than U, back then. O

Now consider a set A. Let us next “replace” every element x € A by some other
object x’ (set or urelement).

Evidently, the resulting class (let us call it A) is not larger than the original
(and could very well be smaller, for we might have replaced several x € A by
the same object); hence, by Principle 3, A is a set. This is the principle of (it
goes under several names) replacement or substitution or collection, and it is
very important in ZFC.

We prefer not to use the name “substitution” for this nonlogical axiom, for
that would clash with our use of the name for the logical axiom

Ax < t] — @x).A
We will adhere to the name “collection”.

Below we state it as an axiom in the formal language. In the next section,
once the notions of relation and function have been formalized, we will give a
very simple version of the axiom. @

T We use “replace” in the weak sense, where it is possible that for one or more x € A the replacing
object is the same as the replaced object.
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II1.8.2 Axiom (Schema of Collection or Replacement). For any formula
Plx, yl,

Vx € A)@y)Z[x, y] = @2)(Vx € A)@y € 2) P[x, y] (1)

where A is a free variable.

I11.8.3 Remark. (I) In any specific instance of the axiom (schema) of collection
the formula Z’[x, y]is the “agent” that effects the replacements: The hypothesis
ensures that for each x € A, 7 suggests a y (maybe it has more than one
suggestion) — depending on x — as a possible replacement.

The conclusion says that there is a set,’ z, which contains, instead of each x
that was originally in A, one (or more) replacement(s), y, among the possibly
many that were suggested by . (All the suggestions were made to the left of
“

There is a small difficulty here: In the formal statement adopted in I11.8.2 —
where we have allowed more than one possible candidate y to replace each x —
we run at once into a size and a “definability” problem: Obviously, if we are
going to argue that the size of z is small (and hence z is a set) we have to be
able to

(a) either choose a unique replacement y for each x € A (and #°[x, y] cannot
help us here; we have to do the choosing), or

(b) choose a “very small number” of replacements y for each x € A —i.e., cut
down the size of the class of replacement values for each x — so that the
size of z is not substantially different from that of A.t

If we were to take approach (a), then we would need a mechanism to effect
infinitely many choices, one out of each class A, ={y : 7’[x, y]}, thus in effect
turning the hypothesis into (Vx € A)(3!y)Z[x, y] (where Z[x, y] = Z[x, y],
forall x € A) so that we could benefit from the size argument preceding II1.8.2.
However, this would require (a strong form of) the axiom of choice, the axiom
that says, in effect, “don’t worry if you cannot come up with a well-defined
method to form a set consisting of one element out of each set in a (set) family
of sets; such a set exists anyhow”.

—

Well, not exactly. It says that a formal object exists, but this object could well be an atom. Since
we will prove (II1.8.4) an equivalent statement to (1), which explicitly asks that z be a set, we
can pretend in this discussion that (1) already asks that z be a set, although it does so between
the lines.

Clearly, it is not “safe” to collect into z all possible y that 7’ [x, y] yields for each x. For example,
if 7[x, y] = x C y and A = {{J}, then allowing all the y that 7 yields for x € A we would end
up with z = Uy, not a set.

++
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We can do better than that (avoiding the axiom of choice, which we have
not formally introduced yet) if we allow ourselves to put in z possibly more
than one y that satisfy 7[x, y] for a given x € A, that is, approach (b). We
do this as follows: To show (informally) that a set z as claimed by the formal
axiom exists, and that therefore the axiom is “really true”, let us consider, for
each x € A, all the y such that Z°[x, y] is true which are built at the earliest
possible stage. There is just one such stage for each x, call it X,. Now the class
of all such y, call it Y, is a set, for all its elements are available at stage X,,
and there certainly is a stage after X, (at such a stage, Y, is formed as a set).

Thus, for each x € A we ended up with a unique set Y,.. Using the informal
analysis prior to the axiom, there is a set B that contains exactly all the Y. It
is clear now that we can “well-define” z: z = | B will do, and is a set by the
union axiom.

(II) The hypothesis part of the axiom is usually stated in stronger terms,
viz., (Vx € A)3!y)Z[x, y],! and in that format it usually goes under the name
replacement axiom. The present form (mostly known as the collection axiom,
e.g., Barwise (1975)) is clearly preferable, for to apply it we have to work
less hard to recognize that the hypothesis holds. All the various formulations
of collection/replacement are equivalent in ZF (even without the “C”). Some
other forms besides the ones stated so far are the following, where we are using
set term notation in the interest of readability:

(1) Bourbaki (1966b):
V) E)VYNP[x, y] = y € 2) = (YA)Coll,(Ix € A)P[x, y]
or in more suggestive notation
vVx)@{y : Z[x, yl} Sz — (YA)Coll,(3x € A)P[x, y]
(2) Shoenfield (1967):
VX)@E)VYNPx, y] < y € 2) = (YA)Coll,(Ix € A)P[x, y]
or in more suggestive notation?
vVx)@{y : Z[x, yl} =z — (YA)Coll,(3x € A)P[x, y]
 Recall that (31x).72 says that there is a unique x satisfying .72. That is, (3x)(R[x] A (Vy)(y #
x — =R[y]).
¥ The “suggestive” notation in (1) above is 100% faithful to the formal version, since, by II1.3.6,
Yy [x, y] = y € z)isprovably equivalentto {y : #°[x, y]} C z (seealsoIIL.1.5,p. 116). Not

so for the suggestive rendering of (2) in the presence of atoms. For example, on the assumption
U(z), (Vx)(—x = x < x € z) is not equivalent to {x : —=x = x} = z. Well, on one hand
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(3) Levy (1979):

VONDVYNP[x, IAP[x, Y1 = y =)
— (YA)Coll,(3x € A)P[x, y]

We can readily prove (II1.8.12 below) that collection implies all these alternative
forms. While the converse is true, it will have to wait until we can formalize
“stages” and thus formalize the argument we have used in (I) above to show
that collection is “really true”.

(IIT) We have restricted the way in which sets become available, namely,
requiring that they be built in stages, or that they be not much larger than their
“parents” (i.e., the sets that we have used to build them). In the process, we
developed (most of, but not all yet) the ZFC axioms, as they flow from these
doctrines, with the apparent result of managing to escape from the paradoxes
and antinomies of the past.

Thus, despite the lack of a (meta)proof of the consistency for ZFC, we are
doing well so far. But is this apparent success at no cost? Have we got “enough
sets” in this restricted axiomatic set theory to mirror what we normally do
in everyday mathematics? Put another way, do we have enough stages of set
construction in order to build sets that are as complicated as the various branches
of mathematics require them to be?

Of course, this is not a quantitatively precise question, and it will not get
a quantitatively precise answer. However, the answer will hopefully satisfy us
that we are doing well on this count too.

Imagine two mathematicians who are playing the following game: They
have a large and complicated set, A, to start with. They take turns, each taking
an x € A, “making his move”, and then discarding x. A “move” consists of
proposing the wildest, most complicated set of one’s experience that one can
think of on the spur of the moment: S,. Of course, at each move each player is
doing his best to utterly demolish the morale of his opponent and also to better
his own effort at his previous move.

At the end of the game, we have a class of all the S, which is a set by
collection. Now, the stage at which this class was built as a set is beyond the
wildest imagination of our two friends — otherwise one of them would have
proposed some set built at that stage during the game.

Shoenfield (1967) does not employ atoms, so that our rendering of (2) captures exactly what this
form of collection “says” in loc. cit. On the other, this is a moot point, for we prove (II1.8.12)
that the formal version (2) — even in the presence of atoms — implies version (3) without adding
the qualifier “—U(z) A before “(Vy)”. In turn, we find out later that form (3) implies collection.
In short, versions (1) and (2), exactly as stated, are equivalent to our collection.
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Put another way, we cannot “stretch” an “infinite” set A into a proper class
by the device of replacing each of A’s elements with horrendously complicated
sets — i.e., sets that are built extremely late in the stage hierarchy — in an effort
to run out of stages. Starting with A € Uy, no matter how far we stretch it, we
still end up inside Uy,. Therefore, we do have a lot of stages. Equivalently, our
“universe” is “very large”.

There is an important observation to be made here: The reason that we have
used the size doctrine to justify collection/replacement is, intuitively, precisely
the result of the game above. We felt that we could not apply Principle 2
(p. 102) reliably, or convincingly, towards arguing that “we could imagine” that
a stage existed after all the stages for the construction of all the sets S, (our two
colleagues could not imagine either).

The reader is referred to Manin (1977, p. 46), where he states that — in
the context of the doctrine of set formation by stages — the justification of the
collection axiom goes beyond the “usual intuitively obvious”. O

I11.8.4 Remark (a More Verbose Collection). We “parse” here (just as we
did for the axiom of union in I11.6.7) the collection statement, extracting in the
process more information from the axiom than it seems to be stating.

(D First off, we never said that A has to be a set. Indeed, II1.8.2 is equivalent
to

—U(A)— (Vx € A)@y)P[x, y] > F2)(Vx € A)Fy e 2) P[x,y] (2)

This is because (2) is a tautological consequence of (1) in II.8.2 on the
one hand. On the other hand, proof by cases with the help of

Fzrc U(A) — (Vx € A)(3y)7’[x, y] = F2)(Vx € A)3y € 2) 7[x, y]

3)
combines with (2) to derive collection as originally stated. Why is (3)
valid? We can prove the simpler

Fzrc U(A) — (F2)(Vx € A)3y € 2)P[x, y] “)

from which (3) follows tautologically: Well, assume U(A). Then —x € A
by III.1.3, from which

x€A— Ay er)?Px,y]

by tautological implication. Generalization followed by an invocation of
the substitution axiom (and modus ponens) finally yields

3)(Vx € A)3Py € 2)P[x, y]
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Thus, we do not need to worry whether or not the variable A appearing in
the collection axiom is a set.
(II) Next we prove that

(Vx € @) Z1x, ¥] = G)(=U (@) A (Vx € Ay € 971, 31)
5)

is equivalent to collection. It is trivial that (5) implies collection, so we
concentrate in the direction where collection implies (5). We use the de-
duction theorem, assuming

(Vx € A)@3y) ZIx, y] (6)

under three cases: U(A); ~U(A)and A # (J; A = 0.
@Ofcourse, FUA)V-UAANA=0V A #£D).

e A =@ orU(A). Thisyields =x € A (x free — see II1.3.5 in case
A = ); thus

x€A— Ay ed)Px,y]

by tautological implication. Another tautological implication and
l_ZFC —'U(@) yield

“UW)A(x € A— By e )P[x,y])

Following this up with generalization (and distribution of V over A,
noting the absence of free x in —=U (), we have

—U@) A (Vx € A)Ty € D) P[x, y]
Thus, by the substitution axiom
(EIz)(—-U(z) A (Yx € A@y € 2)7[x, y])

Note. Neither collection nor (6) was needed in this case.

e —=U(A)and A # (. The assumption amountsto (Iy)y € A. We argue
by auxiliary constant. Let B be a new constant, and assume

BeA @)
By (6) collection yields

(F2)(Vx € A)3y € 2)7[x, y] ®)
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Add yet another new constant, C, and assume
Vx € A) Ay € CO)Z[x, y] C))
Specialization of (9) using (7) and modus ponens yields
@y € O)7[B, y]
Hence

@y el
by 3-monotonicity (1.4.23). Thus (by III.1.3)

=U(C) (10)

(9) and (10) tautologically imply —=U(C)A(Vx € A)3y € C)Z[x, y],
which by substitution axiom gives

(kKﬁU@LAerAmhezﬁﬁLyD

(IIT) Finally, collection is equivalent to
—U(A) = (Vx € A)@y)Z7[x, y]

B an
emk(ﬁwnwaemeyem%uJD

for (11) trivially implies (2), while (2) implies (11) using the two cases
A =@ and A # @ exactly as we did above. O @

II1.8.5 Remark (A Note on Nonlogical Schemata and Defined Symbols).
By 1.6.1 and 1.6.3, the addition of defined predicate, function, and constant
symbols to any language/theory results in a conservative extension of the theory,
that is, any theorem of the new theory over the original language is also provable
in the original theory. Moreover, any formula .Z of the extended language can
be naturally transformed back into a formula .Z* of the old language (by elim-
inating all the defined symbols), so that

A s A N

is provable in the extended theory.

There is one potential worry about the presence of nonlogical schemata —
such as the separation, foundation, and collection axiom schemata — that we
need to address: Nonlogical axioms and schemata are specific to a theory and
its basic language, i.e., the language prior to any extensions by definitions. For
example, the collection schema II1.8.2 (p. 163) is a “generator” that yields a
specific nonlogical axiom (an instance of the schema) for each specific formula,
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over the basic language Lse, that we care to substitute into the metavariable
2. There is no a priori promise that the schema “works” whenever we replace
the syntactic variable #°[x, y] by a specific formula, say “.%”, over a language
that is an extension of Lge by definitions.

For example,’ do we have the right to expect the provability of
Vx € A)@y)y =t[x] - (A)(Vx € A)Ty € 2)y = t[x]

in the extended theory, if the term ¢ contains defined function or constant
symbols?

Indeed we do, for let us look, in general, at an instance of collection obtained
in the extended language by substituting the specific formula .7 — that may
contain defined symbols — into the syntactic variable 7:

(Vx € A)@y)Flx, y] —> F2)(Vx € A)@y € 2).F[x, y] @)

We argue that (2) is provable in the extended theory; thus the axiom schema is
legitimately usable in any extension by definitions of set theory over Lge.

Following the technique of symbol elimination given in Section .6 (cf. 1.6.4,
p. 73) — eliminating symbols at the atomic formula level — we obtain the fol-
lowing version of (2), in the basic language Lse. This translated version has
exactly the same form as (2) (i.e., of collection), namely

(Vx € A)@y).Z"[x, y] = @2)(Vx € A)3y € 2).57[x, y]

Thus — being a collection schema instance over the basic language — it is an
axiom of set theory, and hence also of its extension (by definitions).

Now, by (1), the equivalence theorem yields the following theorem of the
extended theory:

((Vx € A)@y).Z[x,y] — (F)(Vx € A)@y € 2).7|x, y])

((Vx € A@y). P [x, y] — (@2)(¥x € A)@y € 2). 5 [x, y])

Hence (2) is a theorem of the extended theory as claimed.
The exact same can be said of the other two schemata (foundation,
separation).? O

T This scenario materializes below, in I11.8.9.

 One can rethink the axioms, for example adopting Bourbaki’s collection instead of our II1.8.2,
so that the separation schema becomes redundant. We have already promised to prove in due
course that foundation need not be a schema. However, it turns out that we cannot eliminate all
schemata. It is impossible to have a finite set of axioms equivalent to the ZFC axioms. We prove
this result in Chapter VIIL.
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I11.8.6 Example (Informal). We often want to collect into a set objects that
are more complicated than [“values of’] variables, subject to a condition being
true. For example, we often write things such as

(1) {n?®:n e N},

Q) fx+y:xeRAyeRAxZ+y2 =1},

3) {(x,y) : x e RAy = 2}, where “(x, y)” is the “ordered pair” (more on
which shortly) of the Cartesian coordinates of a point on the plane,

@ {(x,y):x eR}.

We are clear on what we mean by these shorthand notations. First off, for
example, notation (1) cannot be possibly obtained in any manner by substitution
from something like {x : ... x ...}, since the “x” in a set term {x :..Z} is bound.
What we do mean is that we want to collect all objects that have the form “n>”
for some n in N. That is, notation (1) is shorthand (abbreviation or argot) for

{x : @n)(x =n® An € N)}

Similarly with (2)—(4). (4) is interesting in that y is a free variable, or a para-
meter as we often say. We get different sets for different “values” of y. The
shorthand (4) stands for the term {z : (3x)(z = (x, y) A x € R)}.

The notation reviewed here is sufficiently important to motivate the definition

below. O @

I11.8.7 Informal Definition (Collecting Formal Terms). The symbol
{tlwn] : A2[%,1}

where t[w,,] is a formal term (cf. discussion following I11.2.5), is an abbrevia-
tion of the class term

[y @) @y =i A 215) M

The variables X, explicitly quantified in (1) above are precisely the ones we
list in “[X,]” of . 4. We may call them “linking” variables (linking the term ¢
with the “condition” . Z) or “active” variables (Levy (1979)). All the remaining

variables other than y are free (parameters).
The notation does not always unambiguously indicate the active variables. In
such cases the context, including surrounding text, will remove any ambiguity.
g

@III.S.S Example. What does

Utrtal 21
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abbreviate? In the first instance, it abbreviates the expression
Uty : @) = tlx A ~1x])
The latter abbreviates (cf. I11.6.3)
[z: @@ =131 A 2l Az e )] @
Let us simplify (2):

@AN(@EN)(y =tlxI A A[xD Az € y)
< <Z € y has no free x>

@AY)Ex)(y =txI A AZlx] Az €y)
< <commuting the two EI>

@)@y =tx]IA . AZ[x]I Az €y)
< <one point rule (1.6.2, p. 71)>

@Ax)(AZ[x1 Az € t[x])

Thus,t
H U{Z[X] s A2} = {z s @A x] Az € tlx]D} (€)]
"
II1.8.9 Proposition. The class {t[x]:x € A} (A afree variable) is a set, that is
(using 111.8.7),

Fzrc Coll,(Fx € A)y = t[x]) “)

Only x, not A, is the linking variable. We could have written {f[x] : (x € A)[x]}
to indicate this. @

Proof. By collection,
Fzrc (F2)(Vx € A)3y € 2)y = t[x] ()
since

(Vx € A)3y)y = 1[x]

T Note that since we are dealing with abbreviations, this is a theorem of pure logic.
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is a theorem of pure logic deduced from ¢t = ¢ (using substitution, tautological
implication, and generalization, in that order). Arguing by auxiliary constant,
we add a new constant B and the assumption

(v0(x €A > @0 € B Ay =1lx])
The one point rule and specialization yield
x€A—>t[x]eB (6)
We can now prove that
(@xeAdy=tlx]) > yeB (7

which will settle (4) by I11.3.6.
We assume the hypothesis in (7); indeed, we go a step further: We add a new
constant C and the assumption

CeAny=t[C]

Thus
CeA @
and
y =1t[C] ©
(6) and (8) yield /[C] € B. From (9), y € B. u

IIL8.10 Corollary. ¢ Coll, <(3x €Ay e t[x]).

Proof. Apply 111.6.8 to {¢t[x] : x € A} (a set, by II1.8.9), and use (3) above
(in I11.8.8). g

II1.8.11 Corollary. {t[x, y]:x € A A y € B} is a set, where A and B are free
variables (and x and y are active).

Formally, Fzzc Coll, ((Elx € A@y € B)z = 1[x, y]).

Proof. We will establish

I—{t[x,y]:xeAAyeB}:U{{t[x,y]:yeB}:xEA} (1)

from which the corollary follows by two applications of II1.8.9 followed by an
application of union. As for (1), we transform the right hand side to the left hand
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“w__

side by eliminating abbreviations. The “="" instances below use II1.4.1(ii):

U{utx iy e Brixeal
_ (by III.8.8(3)>

[z:@re Mz eptx vy e By
- <by III.8.7>

[z:@r e M@y e Bz =1lx. y1}
- (by 111.8.7 again>

{tlx,y]:x € AAy € B}

@By commutativity of A, (1) yields

I—{t[x,y]:xeAAyeB}:U{{t[x,y]:xeA}:yeB} @

II1.8.12 Proposition. In the presence of the ZFC axioms that we have intro-
duced so far — less collection, except when explicitly assumed as (1) below —we
have the following chain of implications (stated conjunctively): (1) — (2) —
(3) —> (4) — (5), where the statements are

(1) collection—version 111.8.2,

2) (V)ADYNZ[x, y] = y € 2) = (YA)Coll,(Ix € A)P[x, y],

3) (V) AN Z[x, y] < y € 2) = (YA)Coll,(Ix € A)P[x, yl,

@) V)NV NZLx, YINP[x,y' 1= y=y") = (YA)Coll,(Ix € A) 7[x, y],
5) (Vx € A)@AY)P[x, y] = F2)(Vx € A)3Ty € 2) P[x, y].

Proof. (1) — (2): We assume (1) (collection version II1.8.2). To prove (2)
assume the hypothesis. Hence (specialization)

AN [x, y] = y €2)

We add a new constant B and let

V))(Zlx, y] = y € B) ()
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By IIL.3.6,°
Coll,7[x, y]

It follows that {y : Z’[x, y]} can be introduced formally as a set term. Hence,
by 111.8.10,

Coll, ((Elx € Ay € {y : Z[x, y]})
In short, Coll,(3x € A)Z’[x, y]; thus
(VA)Coll,(Ax € A)7[x, y]

(2) = (3): We assume (2). To prove (3), assume the hypothesis. Hence
(specialization)

@AYV P[x, y] < y €2)
We add a new constant B and let
(YV)(Z[x, y] < y € B)

Tautological implication followed by an invocation of V-monotonicity (1.4.24,
p. 52) yields (i) above.
(3) = (4): We assume (3). To prove (4), assume the hypothesis. Hence

P, yINPx, Y] > y=) i)
We also record the tautology
@A Zlx, y1 = @y)7[x, y] (i)

By I1.2.4 (p. 122: (10), (11), (18)), (ii) and (iii) allow us to introduce a new
function symbol, f.», into the language, and the defining axiom

AN 7, YIAZLx, f2IxITV @) Zlx, yI A frIx1 =0 (iv)

into the theory. From (i v) one deduces (corresponding to (19”) and (20) of I11.2.4)

@A) Z[x, y1 = (P[x, y] « y = fr[x]) (v)
and

—@ANZlx, yl = frlx] =9 (vi)

 Observe how we did not need to insist that B is a set. This issue was the subject of a footnote on
p. 164.
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We can now prove
(Vx)E)(P[x, y] < y € 2) (vii)

We have two cases:
Case of (3y)Z[x, y]. By (v),

Plx, yl <y e {frIx]}
By the substitution axiom,
F)(P[x,y] < y €2) (vii')

Case of =(3y)?[x, y]. Thus, (Vy)~Z[x, y]; hence =[x, y] is deriv-
able. By tautological implication, Z’[x, y] — y € @.

Conversely, y € § — Z’[x, y] is a tautological consequence of the theorem
—y € (. Thus,

Plx,yl<yed

and we derive (vii") once more, by the substitution axiom. Proof by cases now
yields (vii’) solely on the hypothesis (Vx)(Vy)(Vy'(P[x, y] A P[x, Y] —
y = y’); hence we have (vii) by generalization.

Having settled (vii), we next obtain
(VA)Coll,(Ix € A)P[x, y]

by our hypothesis (3).
(4) — (5):  We assume (4). To prove (5), assume the hypothesis, that is,

(Vx € A@E!y)Z[x, yl
which entails
Vx)(x € A > 3y)Z[x, y]) (viii)

and

x€A = Px,yIN?[x,y]—> y=Y (ix)
For convenience we let

Olx,y]=x € ANP[x,y]VX EAAY =0

Work already done in II1.2.4 yields, because of (ix),

COlx, yINCx,y 1= y=)
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Thus, by hypothesis (4), we have derived
(V2)Coll,(3x € 2)Cx, y]

Hence

Colly(3x € A)Z[x, yl (x)
by specialization. Expanding < and using the tautology

(xeAA(xeAAs‘/)[x,y]\/x¢A/\y=®))exeA/\f¢[x,y]

the equivalence theorem yields
(Elx)(x CANG € AANDIx, yIVE & Any = VJ)) o @x)(x € AAZ[x, y])
Hence, from (x),

Coll,(3x € A)P[x, y]
Let then (a formal definition of *“B”f introduced just for notational convenience)

B={y:(3x)(x € AAZ[x,y])} (xi)

Let also w € A.

By (viii) we get (3y) #’[w, y], which allows us to add a new constant C and
the assumption

P[w, C] (xii)
from which w € A A Z[w, C] by tautological implication. Therefore
HEx)(x € ANP[x,C))
and, by (xi),
CeB (xiii)
Now (xii) and (xiii) yield C € B A [w, C]; thus
@y € BAZ[w, y])
The deduction theorem and hypothesis w € A yield
weA—> (Jye€ B)Pw,y]
 Of course, “B” is a name for a term, and what one really defines formally here is a function f,

by f(A,...) ={y: @x)x € AAZ[x,y])}, where “...” are all those free variables present
that we do not care to mention. In practice, “let B be defined as ... is all one really cares to say.
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Hence
(Vx € A)@y € B)Z[x, y]
Thus (substitution axiom)
@A2)(vx € ATy € 2) P[x, y]

which is the conclusion part of (5). O

II1.8.13 Corollary. Each of the versions (2)—(5) of collection above is a theo-
rem schema — hence for each specific 7 a theorem — of ZFC. O

I11.8.14 Remark. (I) Thus, in the sequel we may use any version of collection,
as convenience dictates.

(IT) Intuitively, collection versions (2)—(5) have a hypothesis that guarantees
that for each “value” of x the corresponding number of values of y that satisfy
P[x, y] is sufficiently “small” to fit into a set. In fact, in case (4) at most one
y-value is possible for each x-value, while in case (5) exactly one is possible —
albeit on the restriction that x is varying over a set A. Thus, collecting all the
values y, for all x in a set A, yields a set under all cases (2)—(5). This set is what
we call in elementary algebra or discrete mathematics courses the image of A
under the black box #’[x, y]. This black box is an agent that for each “input”
value x yields zero or more (but not too many) “output” values y.

We note that collection in its version II1.8.2 does not have the “not too many”
restriction on the number of outputs y for each x, and that is why one is selective
when collecting such outputs into a set. The conclusion of Axiom III.8.2,

@2)(¥x € ATy € 2) P[x, y]

allows the possibility that many outputs y need not be included in z; it says
only that some outputs are included.

(IIT) Collection versions (2)—(4) in II1.8.12 are quite strong, even in the
absence of some of the other axioms. For example, Bourbaki (1966b) adopts the
axiom of pairing, but adopts collection version (2), and proves both separation
and union (Exercise II1.14).

Shoenfield (1967) adopts separation and proves pairing and union from col-
lection version (3) (Exercise III.15). Finally, Levy (1979) adopts union, and
proves separation and pairing from collection version (4) (Exercise II1.16). O @
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II1.9. Axiom of Power Set

There is another operation on sets, which, intuitively, increases the size of a set
“exponentially”, from which fact it derives its name (see Exercise II1.35 in this
connection).

I11.9.1 Informal Definition (Power Class, Power Set). For any class A, P(A)
stands for {x : =U(x) A x € A}. We read P(A) as the power class of A.
If A is a set, then P(A) is also pronounced the power set of A. a

@Note that what we collect in P(A) are sets. @

II1.9.2 Example (Informal). We compute some power classes:

PO) = (%)
P () = [0, (1)
P ((0.1}) = {2, (0}, {1}, {0, 1}}

Also note that

(1) Since for every class A we have @ C A, it follows that @ € P(A).
(i1) If a is a set, then a C a as well; hence we have a € P(a).
(iii) For a set x, x € P(a) iff x C a.
(iv) Even though U(x) — x C a (is provable), still U(x) — x ¢ P(a) (is prov-
able), since x must satisfy —U (x) for inclusion. Power classes contain no
atoms.

Pause. Now P ({0)}) ) {(7), {0)}} by (i) and (ii) above. But have we not forgotten
to include any other subsets of {(#}? Is it really “="" (rather than “2>”") as we have
claimed above? The definitive answer that one is tempted to give is “Obviously,
the above is ‘=" as stated”.

Well, let us prove the obvious, just to be sure:f
We will prove the formula —=U(x) A x € {#} - x = @ v x = {#}, that is,
the tautologically equivalent

“Ux) > xC{d} > x=0— x = {0} (1)

f My geometry teacher in high school used to say: “. .. [T]here are many proof methods: e.g., by
contradiction, by induction, etc. Among all those proof methods the most powerful is proof by
intimidation. It starts with the word ‘obviously’. Few have the courage to challenge such a proof
or to demand details ... ",
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Arguing by the deduction theorem, we assume the hypothesis, namely,

—U(x) @
Ny ex—y=0 3
and
—x =0

By (2) and the above (see 111.4.11)
@y)y € x “
Let (arguing by auxiliary constant)
Ae€x Q)]
Hypothesis (3) yields A € x — A = . (5) now yields A = @J; hence
@ex (6)
by the Leibniz axiom and (5). The one point rule (II1.6.2, p. 149) gives
Flex < (Vy)(y=0—yex)
Thus, by (6),
Ny =0—>yex)
This along with (3) yields
VN ex < y=10)
Thus x = {¢J} (IIL.5.5). a

I11.9.3 Exercise. Repeat the above argument without relying on the axiom of
pairing. Thus, prove that

x €P(PW®) < x =0 Vx=PWY D@

@The following is “really true”:
If A is a set, then so is P(A)

Indeed, let ¥ be a stage at which A is formed as a set. Let x € P(A), i.e.,
x € A. Every member of x is available before x, and hence before A, therefore
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before stage . Thus,
x € P(A) implies that x is formed as a set at or before stage = D

Let X’ be a stage after ¥ (we have no problem accepting that a stage exists
after a given stage). Then, by (1), P(A) is formed as a set at stage X'.

We could not reliably argue the above using the size limitation doctrine
(Principle 3, p. 161), for it is not intuitively clear whether an “exponential
growth” in set size is harmless. In fact, Principle 3 was introduced solely to
justify the replacement axiom, and, in Chapter V, the axiom of infinity. @

We capture the above informal argument by the following power set axiom:

111.9.4 Axiom (Axiom of Power Set).
AVx)x CA—>x€y) (H

where A is a free variable.

Actually, the axiom as stated above is not exactly what we have established in
the informal argument that preceded it. The axiom says a bit more than “the
power class of a set is a set”.

It is really true as stated, nevertheless. First off, the y of (1) above is neces-
sarily asetby x C A — x € y, since (Ix)x C A is provable (A C A is a theorem
of pure logic —see III.1.5, p. 116) and hence, so is (3x)x € y by I-monotonicity.
Thus =U(y) by Axiom I1I.1.3. We have omitted the usual qualification “=U(y)”
in the statement of the axiom, since it is a conclusion that the axiom forces any-
way. So the axiom says that

“There is a set y which contains as elements all x such that x C A,
without restricting x to be a set”.

Now we see why it is really true. If A is a set, then lifting the restriction from
x adds to P(A) all the urelements (see III.1.5, p. 116). Well, there is a set y as
described above, for example, M U P(A).t

If on the other hand A is an atom, then a choice for y that works is M U {(}.

As we have done on previous occasions, here too we prefer not to assert
explicitly that the objects which our axioms claim to exist are sets (nor do we
want to unnecessarily restrict our variables to be sets). We prefer to prove this

 We are using here the name M — which was earlier introduced formally to denote the set of all
atoms — to also name the set of all real atoms in the metatheory.
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as a consequence of the axioms. On one hand this approach is mathematically
elegant; on the other hand — more importantly — it allows us to state our axioms
(e.g., power set above, as well as pairing, union, and collection) in a manner
that does not betray that we allow atoms; this gives us flexibility. Thus we have
chosen the statement of Axiom I11.9.4 to be morphologically identical to the
statement one would make in the absence of atoms (all variables then “vary
over” sets).

II1.9.5 Proposition.
Fzrc Coll,(mU(x) Ax C A)

where A is a free variable.

Proof. By (1) of I11.9.4 we may assume (B a new constant)
Vx)(x CA— x€B)
Hence
VM) ~Ux)AxCA—>x€eB) )
by V-monotonicity, since
EFa O CA—>xeB)— (CUx)AxCA— x €B)

We are done by I11.3.6. O

We would like now to introduce the symbol “P” formally, in the interest of
convenience, along with its informal use. As in the cases of U, N, and [ J, we
will take no notational measures to distinguish between the formal and informal
occurrences of the symbol; we will rely instead on the context.

I11.9.6 Definition (Formal P). We introduce a function symbol, P, of arity 1,
by the defining axiom

P(A) =y & (Vx)(~UXx)Ax S A< xey) ey
or, equivalently

Vx)(~U@x)AXx C A < x eP(A)) 2)
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I11.9.7 Remark. (I) Once again we note that it is redundant to add “=U (y) A”
in (1) (II1.9.6) or “=U (P(A)) A ” in (2). Indeed,

Fzec VX)) (CUX))AXC A< xey)<-Uy)A
VX)(CUxXx)AXC A< xey)

To see this, note that the <— direction is a tautological implication. For the —
direction we have

“Ux)AxC A< xey
Thus, since Fzpc ~U (@) A B C A, we obtain
GEx)(—Ux) Ax C A)
from which (3x)x € y by the equivalence theorem. That is (I[1.1.3),

—~U(y)
Similarly, (2) of II1.9.6 proves
—U(P(A)) 3)
(II) A is an arbitrary variable; thus P makes sense on atoms. Indeed,
Fzrc U(A) — P(A) = {/}

(see Exercise I11.17). O @

I11.10. Pairing Functions and Products

We now turn to the ordered pair concept, which will lead to the formalization
(within axiomatic set theory) of the intuitive concepts of relation and function
in the next section. We want to invent objects “(a, b)” which are meaningful
for all sets and atoms a and b and which are mindful of order in that

(a,b)=@@,b)y—>a=d Ab=1 (1)

In particular, (a, a) is supposed to have two objects in it, a first a and a second
a, so it is not to be confused with {a, a} = {a}.

Some naive approaches to set theory take (a, b) to be a new kind of object
whose behaviour, i.e., (1), is “axiomatically accepted” (admittedly this is a
patently odd thing to do in a non-axiomatic approach). To proceed formally
within a framework that accepts sets and urelements as the only formal objects,
we must implement our new object as a set.
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There are several implementations, the simplest one (due to Kuratowski)
being {{a}, {a, b}}, or the related {a, {a, b}}.

II1.10.1 Proposition. If{a, {a, b}} = {a’, {a’, b’}}, thena =a andb =1'.

Proof. (Presented in a “relaxed” manner, that is, in argot. See also IIL.5.9,
p. 148.) By foundation, a # {a, b} (otherwise a € a). Thus, taking the C-half of
the hypothesis,

a=d and {a,b)={d, b} ¢))
or
a={d,b'} and {a,b}=a 2)

From (2) we get a’ € a € d’, contradicting foundation. Therefore, case (2) is
untenable. Let us further analyze case (1), which already gives us half of what
we want, namely, a = a’.

Thus,

{a, b} ={a, b} 3

If a = b, then the D-part of (3) gives b = b’, and we are done. Otherwise, the
C-part of (3) gives b = b’, and we are done again. O

@@ The pedantic way to derive @ = a’ goes like this: We want

Fzec {a fa, b}} = {d' {d'.b'}} > a=d

Assume the hypothesis
V) z=aVvz={a,b)z=d Vvz=1{d b))
Thus
ad=avad ={ablad=adva =1 b}

and

a=ava={a,bla=dva={d b}
Hence (by tautological implication and the axiom x = x)

ad =ava ={a,b) (1)

and

a=ada Vva=1{d,b) )
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which (jointly) tautologically imply

@=ana=ad)v@=ana=1{a, b
vV ={a,b}ra=ad)Vv(d ={a,b}rna={d, b))

3)
By foundation,
—(a'=ana={d,0b})
—(a' ={a,b} na=a)
and
=@ ={a,b} na={d,b'})
which along with (3) tautologically imply
a=a
The rest of the above proof of III.10.1 has a straightforward formalization as a

proof by cases. @@

II1.10.2 Definition (Pairing Function and Ordered Pair). We introduce a
new function symbol of arity 2, J, by

J(x,y) = {x, {x, y}}

It is customary to denote the ferm J(x, y) by (x, y).
We call J(x, y) or (x, ¥) the ordered pair. We call J the pairing function.
“The” is dictated by our determination to have just one implementation of
(ordered) pair, as that is sufficient for the theory.’ Indeed, one seldom needs to
remember how (x, y) is implemented, as the property expressed in II1.10.1 is
all we normally need and use. O

Many of the sequel’s proofs are in the “relaxed” style. We get to be formal
whenever there is danger of missing fine points in this argot. @

I11.10.3 Proposition. Foranya,b,da’,c, (a,b) = (d',b)iffa = a’ andb = b'.

Proof. The only-if part is Proposition II1.10.1. The if part follows from the
Leibniz axiom. O

f An exception occurs in Chapter VII in our study of cardinality, where yet another pairing is
considered.
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Some will say that using the above definition for “pair” is overkill, since founda-
tion was needed to establish its key property in I11.10.1. By contrast, a definition
of ordered pair via {{a}, {a, b}} does not require this axiom (see Exercise I11.36).
This is a valid criticism for a development of set theory that is constantly pre-
occupied with the question of what theorem needs what axioms. In the context
of our plan, it is a minor quibble, since we will seldom ask such questions, and
we do have foundation anyway. @

We often find it convenient to extend the notion of an ordered pair to that of
an (ordered) n-tuple in general (for n > 1). To this end,

II1.10.4 Definition (The Ordered n-Tuple). We define by induction (recur-
sion) on n > 1 a function, J™, of arity n:

f .
JVx) ey Basis

def
J Dy, X)) = TP, X)) Xns) forn >0

where x, xi,..., x,4+ are variables, and J is the pairing function of Defini-
tion II1.10.2.

Itis normal practice to denote the term J M(x1, ..., x,)—somewhat ambigu-
ously, since the same symbol is good for any arity’ — by the symbol

<X1,...,Xn>

We adopt this practice henceforth and call (xy, ..., x,) an n-tuple, or n-vector,
or just vector if n is understood or unimportant. We often use the shorthand
notation (x,,) (or (X) if n is not important) for the n-tuple. ad

II1.10.5 Remark. (1) Some authors will not define n-tuples for arbitrary n —
once again avoiding the set N and inductive definitions — instead, they will
“unwind” the recursion and give a definition that goes, say, up to a 5-tuple, e.g.,

JVx) =x
IO, y) = JIP), y)
IO, y,2) = JIP(x, y), 2)

and leave the rest up to the imagination, invoking “. . .”. The reader should not
forget that we are using n in the metalanguage. As far as the formal system is

T A “real-life” function of non-fixed arity is the print function of computer programming.
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concerned, “n” of (X,) is hidden in the name — it is not a variable accessible to
the formal system.

(2) Following the definition, let us compute (a, b) using the shorthand (a, b)
for J(a, b) below:

{(a, b) = ({a), b) by the induction step
= (a, b) by the basis step

Thus, from now on we denote the ordered pair by the symbol “(a, b)”, rather
than “(a, b)”, in the interest of notational uniformity.

(3) The ordered pair provides, intuitively, a pairing function — which moti-
vates the name we gave J — that, for any two objects a and b, given in that order,
“codes” them into a unique object ¢ ( = (a, b)) in such a way that if, conversely,
we know that a given c is a “code”, then we can uniquely (by 111.10.3) “decode”
itinto a and b. That is, if ¢ is an ordered pair, then (3!x)(3!y)(x, y) = ¢ holds.
The unique x is called the first projection and the unique y is called the second
projection of ¢ —in symbols (we are using notation due to Moschovakis), 7 (c)
and §(c) respectively.t More accurately, since not all sets (and no urelements)
are valid “codes” (that is pairs; e.g., {0} is not), we must let = and § “return”
some standard “output” when the input ¢ is “bad” (not a pair). O @

Let us do this formally: We record the tautology
A0)@Ey)(x, y) =z = E0)@E)(x, ) =z ey
We next prove
@y =zA@0 (v, y)=z—>x=v @

Assume the hypothesis, and add the assumptions (by auxiliary constant)

(x,A) =2
and
(v, B) =z
Hence
(x,A) = (v, B)

t Presumably, 7 for “mpdtn” (= first) and § for “Sevtepn” (= second).

t Once again we will ensure that the defined function symbols, 7 and 8, have fotal interpretations.
This determination was also at play when we defined power set and, earlier on, the formal “N”,
“U”, and difference. We defined all these functions to act on all sets or atoms.
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Therefore

by I11.10.3.

II1.10.6 Definition (The First Projection ). By the techniques found in
I1.2.4 (p. 122: (10), (11), (18)) we may now introduce a new function symbol
7 of arity 1 by the axiom (we insert redundant brackets to avoid any misunder-
standing)

(@EN &Y =2) A @@Ly =2) v
((~@)EN Y =2) A =0) 0

By II1.2.4 (19), (20), and (19') one directly obtains in ZFC (using II1.10.6):

I11.10.7 Proposition.
@)ENr.y) =2 = AN, y) =2 (7-19)
=@)@E)(x,y) =z > 7(x) =0 (7r-20)
and
@@y =z = (@) =z ox=1)  (r19)

A similar analysis, which we do not repeat, yields for §:

I11.10.8 Definition (The Second Projection §). By the techniques in 111.2.4
(p- 122: (10), (11), (18)) we may now introduce a new function symbol § of
arity 1 by the axiom
(@@ ¥ =2) A@Nx, 8@) =2) v
(@)@, ¥ =2) A8 =10) =

II1.10.9 Proposition. The following are theorems in the presence of the defining
axiom I111.10.8:

@)@y (x, y) =z = @A0)(x,8(2)) =z (8-19)
—(@A)@(x, y) =z > 8(x) =0 (8-20)
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and

@@ ) =2 (@0 ) =z &y = 8()) (8-19)

It is also notationally convenient to introduce the predicate “is an ordered
pair” by:
I11.10.10 Definition. We introduce “OP”, a predicate of arity 1, by
OP(2) < (@Ax)@Ay)(x,y) =z
We pronounce OP(z) as “z is an ordered pair”. O
We have at once:
II1.10.11 Proposition. The following are ZFC theorems (in the presence of the
appropriate defining axioms):
OP(z) = (1(2),8(2)) =z ey
and
—OP(2) > () =0 Ad(z) =10 2)
Proof. (2) is a direct consequence of I11.10.7 and II1.10.9 ((;r-20) and (§-20)).
As for (1), assume the hypothesis, OP(z). By II1.10.7 (;x-19),
@y)in(@), y) =z
while by II1.10.9 (§-19),
(Fx)(x,8(2) =z
The above two allow us to assume (where A and B are new constants)
(r(2), Ay =z
and
(B,8(z2)) =z 3)
Hence
(m(2), A) = (B, 8(2))

from which A = 6(z) and B = w(z) by I11.10.3. Thus, (7 (z2), §(z)) = z. d

It is also worth recording that
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I11.10.12 Corollary. The following are ZFC theorems (in the presence of the
appropriate defining axioms):

7 ((x,y) = x 3)

and
3((x.y) =y 4)

Proof. We note the logical theorem (x, y) = (x, y), from which the substitution
axiom yields (Ju)(Jv)(u, v) = (x, y), that is,

OP((x, y)) (5)

For (3), 11.10.7 (7-19’) yields (note dummy renaming)

OP((x,y) » (@otx,u) = (x, ) & x =7(,3))  ©
By (5) and the logical theorem (Ju)(x, u) = (x, y), (6) yields
x = (7))
The case for 6 is similar. O

In recursion theory (or computability, studied in volume 1), pairing functions
on the natural numbers play an important role. There are several so-called
primitive recursive pairing functions, e.g., 2°3%, 22y + 1), 28942 4 v+l
(x 4+ )2 +x, (x +y)(x +y + 1)/2 + x. Of these, only the last one ensures that
every n € N is a “pair”, while the second one misses only the number 0.

I11.10.13 Proposition. For n > 2 and any objects ay, . .., a,, (d,) is a set.
Proof. Exercise I11.38. O
1I1.10.14 Proposition. For n > 1 and any objects ay, . .., a,, by, ..., by,

(@) = (l;n> iff ai=bifori=1,...,n
Proof. Exercise I11.39. O

I11.10.15 Informal Definition (The Cartesian Product of Two Classes). For
any classes A and B, the symbol A x B, read the Cartesian product of A and
B (in that order), is an abbreviation for the class term {{a, b) : a € A A b € B}
(see also II1.8.7). d
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111.10.16 Lemma. {{x, y):.7 [x, y]} ={z: OP(2) A.7 [1(2), §(2)]} is a theo-
rem schema.

Proof. By II1.8.7 the left hand side abbreviates the class term
{z: @0@EY)(x, y) =2 AT [x, yD}
Thus we need to prove
@A)@EAVx, y) =z AT Ix, y]) <> OP(2) A 7 [7(2), 8(2)] ey
We note the theorem
(Xx,y) =2 OP(O)AR()=xA82) =Y 2)
Indeed, the — direction is by the Leibniz axiom and

OP((x, y) Am({x,y) =x AS({x, y) =y

from the definition of OP and I11.10.12. The < direction is by III.10.11.
Now (2) yields, via the equivalence theorem, the first equivalence of the
following “calculation”:

@F)@E)x, ) =z AT [x, D)
< <see above>
EDENOP@) AT(2) = x AS(2) = y AT [x, y])
< <n0 free x, y in OP(2) >

OP(2) A @N)EV)(T(2) = x A8(2) = y AT [x, ¥])
<~ <one point rule>
OP(z) A (Ax)(w(z) = x AT [x,8(2)])
< <one point rule>

OP(2) AT [7(2), 8(2)])

We have proved (1). O
1I1.10.17 Theorem. For any variables A and B, A X B is a set.

Proof. By IIL.8.11 (p. 172), Fzpc Collz((EIx)(EIy)(z =(x,y)Ax € AAy € B))
for any free variables A and B. O
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Using the recently introduced symbols and II1.10.16,
Fzic Coll.(OP(2) A7(z) € ANS(z) € B)

Thus, we might as well introduce the formal “x”:

1I1.10.18 Definition (Formal x). In view of the above observation, we intro-
duce a new function symbol, X, of arity 2 by the defining axiom

AxB=y< Uy)ANz)(z€ey < OP(z)Ant(z) e ANS(z) € B)
or

AXxB={z:0P(z)Anm(z) € AAS(z) € B) O

This A x B makes sense for all variables A and B. In particular, one can
prove

UA) > AxB=90
as well as

WxB=10

I11.10.19 Remark. The following proof of II1.10.17 for any sets A and B is
often criticized as overkill (e.g., Barwise (1975)), while Bourbaki (1966b), Levy
(1979), and Shoenfield (1967) — who use the collection-based proof above —
but not Jech (1978b), just stay away from it without comment:

Let (a,b) € A x B,ie.,a € Aand b € B. Thus, {a,b} C AU B, and
therefore {a, b} € P(A U B). It follows that {a, {a, b}} € A UP(A U B) and
hence

{a.{a,b}} e P(AUP(AU B))

Thus (a, b) € P (A UP(AU B)), establishing A x B C P (A UP(AU B)). By
separation, A X B is a set.

An additional criticism here may be that this proof needed to know the
implementation of “(a, b)”, while the one, based on collection, does not need
this information.

The objection that the proof is overkill, on the other hand, is context-
dependent. If the foundation of set theory is going to exclude the power set
axiom (one important set theory so restricted is that of Kripke and Platek with
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or without urelements — “KP” or “KPU”; e.g., Barwise (1975)), then the objec-
tion is justified. If on the other hand we do have the power set axiom, then we
certainly are going to take advantage of it, and we reserve the right to use any
axiom we please in our proofs. O @

I11.10.20 Example (Informal). {0} x {1} = {(0, 1)} and {1} x {0} = {(1, 0)}.
Since (0, 1) # (1, 0), these two products are different; hence A x B # B x A
in general. O

We conclude this section by extending (more argof) x to any finite number
of class “operands”, just as we did for U and N in II1.4.15 (p. 142).

1I1.10.21 Informal Definition. Given classes A; fori =1,...,n,
X A; and X ?:1 A; and X A
i=1 1<i<n

are alternative abbreviations for
{(zn):xleAl/\"'/\anAn} (*)

We avoid - - -7 by the inductive definition

|
X A; stands for A,

i=1
n+1

X A; stands for ( X A,-) X Ay
i=1

i=1

One often writes A; x --- x A, rather than X ;;1 A;.
If all the A; are equal, say to A, then we will usually write A”. We let A

mean A. O
That the “...” notation, in (*) of III.10.21 above, and the inductive definition
coincide can be verified using I11.10.4.

We can, of course, use the metalogical “="in lieu of “stands for’l’. For exam-
ple, the logical theorem A; = A leads to the logical theorem i A=A
on replacing the left A; by the “abbreviation” X ;=1 A;. @

II1.10.22 Informal Definition. We often have a “rule” which for eacha € 1
“gives” us a class A,. This simply means that for some formula . Z(x, y) (the
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“rule”) we consider' the classes {x : .%(a, x)} for each a € 1. I is the index
class.

We cannot in general collect all the A, into a class, yet we can (informally)
“define” their union and intersection:

UAa stands for {x : (Ja € Dx € A,} thatis,{x : (Ja € I). Z(a, x)}

ael

and

m A, stands for {x : (Va € I)x € A,} thatis,{x : (Va € I). %(a, x)}

ael

The case I = N occurs frequently in informal discussions. O

I11.10.23 Proposition. If for n > 2 all of Ay,..., A, are sets, then so is
Al X - X A,.

Proof. By I11.10.21 and induction on n.} O

II1.10.24 Corollary. For any set A, A" is a set forn > 1.

II1.11. Relations and Functions

We intuitively picture a binary relation as a table of rows, each row containing
two objects, a first object (occupying the first column) and a second object
(occupying the second column) — see also Section 1.2, p. 20.

A table naturally leads to a (usually) one-to-many “rule” that to each object
from some class associates one or more? elements from another (possibly the
same) class: Simply associate to the the first object on each row (the input
object) the second object of the row (the output object).

Conversely any one-to-many “rule”, regardless of how it is expressed (re-
gardless of intention) can be represented as a table by forming a class of rows
where the second object in each row is associated to the first, according to the
given rule.

—

“Consider”, not “collect”, since some A, may be proper classes and we are unwilling to collect
other than sets or atoms into a class.

This is a “theorem schema”. For each value of the informal object n we have a (different) theorem:
“A x Bisaset”; “A x B x C is a set”; etc. We have suggested above a (meta)proof of all these
theorems at once by induction in the metatheory.

Such a table may have, intuitively, infinite length.

Hence the term “one-to-many”.

-+

A o
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Our rigorous counterpart of a rule or table is then a class of ordered pairs.
Such a class is what we call a binary relation, or just relation.

I11.11.1 Informal Definition (Binary Relations). A binary relation, or just
relation, is a class T whose members are (exclusively) ordered pairs.

Within ZFC, that “T is arelation” is argotfor “z € T — OP(z)is atheorem”.
Similarly, “let T be a relation” means “add the assumption z € T — OP(z)”.

If T is a relation, then the notations (a, b) € T and b T a (note the order
reversal in the notation) mean exactly the same thing.

A relation T often is introduced as a class term {{x, y) : .7 [x, y]} or, equiv-
alently (II1.10.16), {z : OP(z) A7 [7(2), 8(2)]}.

We call .7 the defining formula of the relation T. In most practical cases.””
has no parameters, that is, x and y are its only free variables. In such cases we
say that T is the relational implementation of .7 (x, y) or that it is the relational
extension of 7 (x, y). a

II1.11.2 Remark. (1) The term “binary”, understood if omitted, refers to the
fact that we have a class of (ordered) pairs in mind.

Some mathematicians — especially in the context of a discrete mathematics
course — want to have n-ary relations, for any n > 1, that is, classes whose
members are n-tuples (I[1.10.4, p. 185). We will not spend any nontrivial amount
of time on those, since for any n > 2, (X,,) = {{(X,_1), x,) (by 1I1.10.4), and
therefore any n-ary relation, for n > 2, is a binary relation. For n = 1 we
have the unary relations, that is, classes of elements that are 1-tuples, (x).
Since (x) = x (cf. I11.10.4), unary relations are just classes with no additional
requirements imposed on their elements. We will not use the terminology “unary
relations”’; rather we will just call them classes (or sets, as the case may be). For
the record, when one uses n-ary relations, one usually abbreviates “(x,) € T”
by “T(X,)”. In particular, when n = 2, the texts “(x, y) € T”, “T(x, y)” and
“y T x” state the same thing.

An n-ary relation T may naturally arise as the extension or implementation
of a formula of n free variables, that is, as T = {(X,) : .7 (X,)} (see 111.8.7). In
this case, and in view of the above comment, the texts “T(X,)” and “7 (x,)”
are interchangeable in the argot of n-ary relations.

(2) The empty set is obviously a relation.

(3) Note the reversal of order in “(a, b) € T iff bTa” in III.11.1. This is
one of a variety of tricks employed in the literature in order to make notation

 Much is to be gained in notational convenience if we do not restrict relations to be sets.
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regarding composition consistent between relations and functions (we will re-
turn to clarify this point when composition is introduced). The trick employed
here is as in Shoenfield (1978); for a different one see Levy (1979).

(4) In the same spirit, whenever the defining formula .7 of a relation F is
by convention written in so-called infix notation (i.e., x.7 y) rather than prefix
(i.e.,.7(x, y)) — e.g., one writes x < y rather than <(x, y) — then we observe
this reversal by writing F = {(y, x) : x.7 y}or F = {z : OP(2) A §(2).7 7 (2)}.
This notation has the nice side effect thata F b <> a.7 b is provable. For exam-
ple, {{y, x) : x < y)} is the relational implementation of the formula x < y.

Note. We will continue writing F' = {(x, y) : .Z(x, y)}, that is, there is no
reversal of variables if the defining formula .7 is written in the usual prefix
notation.

Whenever b T a holds, we say that T, when presented with input a, “re-
sponds” with b among its (possibly many different) outputs.

(5) A relation often inherits the name of the defining formula. Thus the

[Pt

relation {{y, x) : x € y}is also denoted by “€”, and (y, x) € € means x € y.
The left “€” in “(y, x) € €” is the nonlogical symbol, while the right “€” is
the informal name of the relation that extends the formula x € y. Similarly, <
is used as both the name of {(y, x) : x < y} and that of the defining formula;
thus (y, x) € <means x < y.

With some practice, all this will be less confusing than at first sight. O @

I11.11.3 Example (Informal). Here are some relations: ¢, {(0, 1)}, R? (where
R is the set of all reals), {(0, 1, 2)}. According to the above remark, the last
example is both 3-ary (ternary) and binary, since (0, 1, 2) = ({0, 1), 2). O

I11.11.4 Informal Definition. Let S be any class (binary relation or not).
dom(S), its domain, is an abbreviation for the class {x : (Jy)(x, y) € S}
or {m(z) : OP(z) Az € S}, i.e., the class of all “useful” inputs — those
which do “cause” some output in S. The range of S, ran(S), on the other hand
stands for the class of all the outputs “caused” by all inputs in S. In symbols,
{y : @x){(x, y) € S} or, equivalently, {§(z) : OP(z) A z € S}.
The argot concepts “dom” and “ran” apply, in particular, to relations S.

The class that contains all the useful inputs and all the outputs is the field of
the class S, that is, dom(S) U ran(S).

If S C€ A x B for some A and B, then we say that “S is a relation on A x B”
or that “S is a relation from A to B” or that S is a relation that maps A into
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B”. The symbolt S : A — B is read exactly like any one of the three previous
italicized sentences in quotes.

A is called the left field and B is called the right field of S.
If S € A x A, then we say that S is a relation on A rather than on A x A.

GivenS : A — B and in the context of these fields, S is total iff dom(S) = A;
otherwise it is nontotal.

It is onto iff ran(S) = B. In this case we often say that S maps A onto B, or
just that S is onto B.

The converse or inverse of any class S, in symbols S, is the class {{x, y):
(y,x) € S}.
The concept of inverse (converse) applies, in particular, to relations S.

LetS: A — B, X C A, and Y C B. The image of X under S, in symbols
S[X], is the class of all the outputs that are caused by inputs in X, i.e., {y :
(Ax € X)y Sx}.

We have the non-standard! shorthand S{(c) for S[{c}].
The inverse image of Y under S is just S—1Y].
We have the non-standard shorthand S~!{¢) for S™'[{c}]. O

III.11.5 Remark. (1) The notions of left field and right field are not absolute;
they depend on the context. It is clear that once left and right fields are chosen,
then any super-class of the left (respectively, the right) field is also a left (re-
spectively, right) field. Conversely, one can always narrow the left field until it
equals dom(S), thus rendering S total. A similar comment holds for the concept
of onto. That may create the impression that the notions “total”, “nontotal”, and
“onto” are really useless.

This is not so, for in many branches of mathematics the studied relations and
functions have “natural” associated classes (usually sets) from which inputs are
taken and into which outputs are placed. For example, in (ordinary) recursion
theory functions take inputs from N and produce outputs in N. It is a (provably)
unsolvable problem of that theory to determine for any given such function, in
general, whether it is total or onto. Therefore it is out of the question to make
left and right fields “small enough” to render the arbitrary such function total
and onto.

T The context will not allow confusion between the logical — and the one employed, as is the case
here, to mean “to”.

£ A reason for its being non-standard becomes obvious as soon as we consider IIL.11.14.

§ By Rice’s theorem, proved in volume 1.

9 “Make” with the tools of recursion theory, that is. Such tools are formalized algorithms.
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(2) Note that for any a and b, b € S{a) iff b € S[{a}] iff (Ax € {a})bSx
iff (3x)(x = a A bSx) iff b Sa. This pedantic (conjunctional) iff chain proves
(within pure logic, where we wrote the argot “iff” for “<”") the obvious

beS{a) < bSa @)
Similarly,
beS Ha) - bS'a (i)

since S! is a relation.
(3) The definition (III.11.4) of inverse relation is equivalent to

bSa iff aS7'b
Using (i) and (ii), we obtain at once
FbeSa) < aecSb)
4)
FSIX] = JiS(x) : x € X)

as the following calculation shows.

USkx) :x € X) = {z S@A0x eXAze S(x))} (by 111.8.8)
- [z - @x)(x € X A sz)} (by (i) above)
— S[X] (Definition TIL11.4)

(5

FSTUY] = {x: YNS(x) # @)
as the following calculation shows:

STNYl={x: @3y e Y)xS'y}
={x: @0 eYAySx)}
={x: @0 eYAyeSk))
= {x: @) € YNS(x)}
= {x:YNS{x) # 0} D@

III.11.6 Example (Informal). Let S = {(0,a), (0, b), (1, c), ({0, 1}, a)}.
Then S(0) = S[{0}] = {a, b}, S[{0,1}] = {a, b, c}. On the other hand,
S{{0, 1}) = S[{{0, 1}}] = {a}. Thus, S[{0, 1}] # S({0, 1}).
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This phenomenon occurs because dom(S) has a member, namely {0, 1},
which is also a subset of dom(S). One encounters a lot of sets like this in set
theory, so the common notation “S(X)”, which is used in naive approaches both
for the image (when X is viewed as a collection of points) and for the output(s)
when X is a single input (X now being viewed as a point), would have been
ambiguous in our setting.

What does S{(a) = ¥ mean? By II1.4.11 it translates into —~(Ix)x € S{a).
This is (logically) equivalenttoa ¢ {z : (3x)x Sz}, thatis, a ¢ dom(S), or S{a)
is undefined. O @

I11.11.7 Example (Informal). (1) Let < and > be the usual predicates on N,
and let us use the same symbols for the relational extensions of the atomic
formulas x < y and x > y. Then, <(3) = {x : x < 3} = {0, 1, 2}. Similarly,
>(3)=1{4,5,6,...}.

(2) Let M = {{0,x) : x = x}. Then dom(M) = {0} and ran(M) = Uy,.
Thus a relation that is a proper class can have a domain which is a set. Similar
comment for the range (think of M—h. a

II1.11.8 Proposition. If the relation S is a set, then so are dom(S) and ran(S).

Proof. Assume the hypothesis. By
Z2€8 —> OPZ) Fraut 2 € S < 2 € S AOP(2)

and III.11.4 we get - dom(S) = {7 (z) : z € S}. The claim follows now from
111.8.9.

The argument for ran(S) just uses §(z) instead. d

I11.11.9 Informal Definition. For any relation S, “a € dom(S)” is pronounced
“S{a) is defined”. We use the symbol “S{a) |’ toindicate this. Correspondingly,
“a ¢ dom(S)” is pronounced “S{a) is undefined”. We use the symbol “S{a) 1”
to indicate this.

If Tis arelationand S C T, then T is an extension of S, and S is a restriction
of T.

If T is a relation and A is some class, then a restriction of T on A is usually
obtained in one of two ways:

(1) Restrict both inputs and outputs to be in A, to obtain T N A”. The symbol
T | A is used as a shorthand for this restriction.

(2) Restrict only the inputs to be in A, to obtain {x € T : 7 (x) € A}. This restric-
tion is denoted by T | A. 0
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I11.11.10 Example (Informal). Suppose that we are working in N. Thus
{(2, 1), (2,0), (1,00} =< N {0, 1,2} Tt is also the case that {(2, 1), (2, 0),
(1,00} =<T {0, 1, 2}, so that both versions of restricting the relation < on the
set {0, 1, 2} give the same result.

Now, {(1,2), (0, 2), (0, 1)} = > N{0, 1, 2}>. However,

>11{0,1,2} ={(0, 1), (0,2),...,(1,2),(1,3)...,(2,3), (2,4).. .}.

Here the two versions of restriction are not the same. O @

I11.11.11 Remark. (1) By the concluding remarks in II.11.6, S{a) | iff
S{a) # @, while S{a) 1 iff S(a) = 0.

(2) For relations T the most commonly used version of restriction is T | A.
Occasionally one sees T 1 A for T [ A (Levy (1979)).

(3) A relation S : A — B is sometimes called a partial multiple-valued
function from A to B. “Partial” refers to the possibility of being nontotal, while
“multiple-valued” refers to the fact that, in general, S can give several outputs
for a given input.

Remove this possibility, and you get a (partial) function. O

III.11.12 Informal Definition ((Informal) Functions). A function F is a
single-valued relation, more precisely, single-valued in the second projection.

If we are working in ZFC, then “F is single-valued in the second projection”
is argot for

“x e FAayeFAn(x)=mr(y) — 8(x)=38(y)" ey

Thus, “if IF is a function, . ..” adds (1) to the axioms (of ZFC), while “...F is
a function . ..” claims that (1) is a theorem.

IfF: A — B, then FF is a partial function from A to B. The qualification
“partial” will always be understood (see above remark), and therefore will not
be mentioned again. O

II1.11.13 Remark. (1) The definition of single-valuedness can also be stated
asbFaAncFa— b=c(wherea,b, c are free), oreven (a, b) e FA {(a,c) €
F—b=c.

(2) Clearly, if FF is a function,’ then we can prove z € F — F(7(z)) = {8(z)}
(we have D by definition of F(x) and C by single-valuedness).

(3) @ is a function.

 We are not going to continue reminding the reader that this is argot. See IIL11.12.
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(4) Since a relation is the “implementation” of a formula as a class, so is a
function. But if the relation IF, defined from the formula.7 (x, y), is a function —
that is, we have the abbreviation

F={(x,y):7(x y)} ()
and also a proof of
x,WeFAx,z) eF—y=z (i)
— then we must also be able to prove
Fx, DVANF(x,2) > y=1z (iii)

Indeed, we are (and a bit more).

First off, we see at once — by (slightly ab)using 1I1.4.1(iii)" (p. 134) — that
“(x, y) € F” abbreviates .7 (x, y).

A more serious (i.e., complete) reason is this: “(x, y) € F” is logically
equivalent to

@)@w)({u, v) = (x, ¥) AT, )

by II1.8.7. By III.10.3 and the equivalence theorem, the above translates (is
provably equivalent) to

(EIu)(EIw)(u =xAvV=YyAZ(u, w))
Two applications of the one point rule yield the logically equivalent formula
T(x, y).
With this settled, we see that (i7) and (ii7) are indeed provably equivalent if
F is given by (i).
(5) Since a function is a relation, all the notions and notation defined previ-

ously for relations apply to functions as well. We have some additional notation
and concepts peculiar to functions: O

I11.11.14 Informal Definition. IfFisafunctionand b € F(a), then (by unique-
ness of output) {b} = F(a). For functions only we employ the abbreviation
b = F(a). Note the round brackets.

If a = (X,) we agree to write [F(X,,) rather than F((X,)).

Functions that are sets will be generically denoted — unless they have specific
names — by the letters f, g, h. O

T This informal definition gives the meaning of z € {x : .Z[x]}, not that of z € {r[x] : . Z[x]}.
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We now see why we have two different notations for functions and relations
when it comes to the image of an input. [F(a) is the output itself, while F(a) is

the singleton {F(a)}." @

I11.11.15 Example (Informal). Here are two examples of relations from “real”
mathematics: C ={(x, y) e R*:x2+y?>=1}and H ={{x, y) e R : k2 + y?> =
Inx>0Ay=>0}.

H, but not C, is a function. Clearly H is the restriction of C on the non-
negative reals, R, in the sense H = C N Rio. O

111.11.16 Informal Definition (Function Substitution). If S is a relation,
T(x, y1,..., yu) is a formula, and G is a function, then

T (G(x), y1,...,y,) abbreviates (Hz)(z=GX) ATz, Y1,-+., Yn))

In particular, G(x)Sa stands for (3z)(z=G(x)AzSa), and aSG(x) for
FA2)(z = G(x) AaSz).

In short, we have introduced abbreviations that extend the one point rule in
the informal domain, with informal terms such as G(x) that are not necessarily
admissible in the formal theory. O

1I1.11.17 Remark (Informal). (1) Take the relations “=" (déf {{(x,y) :x =y}

and “#” (dg {{x,y) : =x = y}), both on N, and a function f : N — N. Then

y# fx) it @) FyAz=f) (@)

by III.11.16. Call this relation F. Also, let T &ef {(x,y) 1y = f(x)}.
Now N2 — T = {(x,y) : f(x) ? V(3z2)(z # y Az = f(x))}, for there are
two ways to make y = f(x) fail:

(&) f(x) 1, since y = f(x)implies f(x) |, or
(b) @)z #yAnz= fx)).

Thus, unless f is total (in which case f(x) 1 is false for all x), N> — T # F.
This observation is very important if one works with nontotal functions a lot
(e.g., in recursion theory).

f Sometimes one chooses to abuse notation and use “F(a)” for both the singleton (thinking of F
as a relation) and the “raw output” (thinking of F as a function). Of course the two uses of the
notation are inconsistent, especially in the presence of foundation, and the context is being asked
to do an unreasonable amount of fending against this. The F(x) notation that we chose restores
tranquillity.
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(2) According to Definition II.11.16, for any functions F and G,
F(a) = G(b) means (Ax)(Ty)(x =F(a) A y =G(b) A x =y), or more simply,
(3x)(x =TF(a) A x = G(b)). This is satisfactory for most purposes, but note that
“="" between partial functions is not reflexive! Indeed, if both F(a) and G(b)
are undefined, then they are not equal, although you would prefer them to be.

Kleene fixed this for the purposes of recursion theory with his weak equality,
“~” defined (informally) by

F(a) >~ G (b) abbreviates [F(a) + AG(b) + v@x)(x = F(a) A x = G(D))
Clearly, - F(a) + AG(b) +— F(a) =~ G(b).t

“__ 9

Whenever we use “=" we mean ordinary equality (where, in particular,
F(a) = G(b) entails F(a) | and G(b) | ). On those occasions where weak equal-
ity is employed, we will use the symbol “~". O @
I11.11.18 Exercise. For any relations S and T prove

(D) SCT < (Vx)(Sx) € T(x)),
(2) S=T < (Vx)(S{x) = T(x)).

Also prove that for any two functions F and G,
3) S=T < (Vx)(S(x) ~ T(x))
while

4) S=T < (Vx)(S(x) = T(x)) fails. O

II1.11.19 Exercise. For any (formal) term ¢(X,,) and class term A, the class term
F = {(%,, 1(Xp)) : (X,) € A}
is the binary relation (see I11.8.7)
F={z: 0P@ A @0)...Ax)(7(2) = (£) A8 = 1(En) A () € 4) |
Prove that F is single-valued in the second projection (§(z)), and hence is a

function. |

I11.11.20 Informal Definition (A-Notation). We use a variety of notations to
indicate the dependence of the function F of the preceding exercise on the
“defining term” ¢, usually letting A be understood from the context. We may

t Indeed not just “F”, but “=raut”. On the right hand side of “— " we expand the abbreviation into
F(a) + AG () + v@x)(x =F(a) A x = G(b)).
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write any of the following:

(1) F(x,) =t(xy, ..., x,) forallX, (recall that we write F(X,,) rather than F({x,,))
and that (X,, y) = ((X,), ).

O F = (;c,, = t(xy,.. .,xn)).

3) F = Ax,,.t(xy, ..., x,) (A-notation). O

II1.11.21 Example (Informal). If we work in N informally, we can define —
from the term y? — a function

f={{x,y), ¥ (x,y) e N*} (1

We can then write

f=xxy.y 2)

This function has two inputs. One, x, is ignored when the output is “computed”.
Such variables (inputs) are sometimes called “dummy variables”.

A-notation gives us the list of variables (between A and “.”) and the “rule”
for finding the output (after the “”). The left and right fields (here N? and N
respectively) must by understood from the context.

In practice one omits the largely ceremonial part of introducing (1) and
writes (2) at once. O

Some restricted types of functions are important.

I11.11.22 Informal Definition. A function F is one-fo-one, or simply 1-1, iff
it is single-valued in the first projection, that is,

ze€FAwWeF A =86w)— 1(z) =m(w) (1)
Alternatively, we may write
Fx)=F(y)—>x=y 2

A 1-1 function is also called injective or an injection. O

As we feel obliged after the introduction of new argot to issue the usual clar-
ifications, we state: When used in ZFC, “IF is 1-1 is just short for (1) or (2)
above. Thus, to assume that IF is 1-1 is tantamount to adding (1) (equivalently,
(2)) to the axioms, while to claim that IF is 1-1 is the same as asserting its (ZFC)
provability.
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Note that F(x)=F(y) implies that both sides of “=" are defined
(cf. III.11.16). In the opposite situation F(x)=TF(y) is refutable; hence (2)
still holds.

The above definition can also be statedasu Fx AuF y — x =y. We can say
that a 1-1 function “distinguishes inputs”, in that distinct inputs of its domain
are mapped into distinct outputs.

Note that f = {(0, 1), (1,2)} is 1-1 by II1.11.22, but while f(2) >~ f(3)
(III.11.17), it is the case that 2 # 3. Nevertheless, f(2) = f(3) — 2 = 3, since
f(2) = f(3) is refutable.

1-1-ness is a notion that is independent of left or right fields (unlike the
notions fotal, nontotal, onto). @

II1.11.23 Example. A function F is 1-1 iff F~! is a function. Indeed, IF is 1-1
iff it is single-valued in the first projection, iff F~! is single-valued in the
second projection. O

1I1.11.24 Informal Definition (1-1 correspondences). A functionF : A — B
is a I-1 correspondence iff it is 1-1, total, and onto. We say that A and B are in
1-1 correspondence and write

A~B or A~

B
a

A 1-1 correspondence is also called a bijection, or a bijective function. An onto
function is also called a surjection, or surjective. @

I11.11.25 Example (Informal). The notion of 1-1 correspondence is very im-
portant. If two sets are in 1-1 correspondence, then, intuitively, they have “the
same number of elements”. On this observation rests the theory of cardinality
and cardinal numbers (Chapter VII).

For example, An.2n : N — {2n : n € N} is a 1-1 correspondence between
all natural numbers and all even (natural) numbers. O

Let us now re-formulate the axiom of collection with the benefit of relational
and functional notation.

I11.11.26 Theorem (Collection in Argot).

(1) For any relation S such that dom(S) is a set, there is a set B such that
S™![B] = dom(S).

(2) For any relation S such that ran(S) is a set, there is a set A such that
S[A] = ran(S).
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Proof. (1): Let S = {{x, y):.(x, y)} for some formula .7 of the formal lan-
guage. Let Z = dom(S). An instance of “verbose” collection (cf. I11.8.4) is

(Vx € Z)@y).7(x, y) = @W)(-UW) A (Vx € Z)3y € W).7(x,y)) ()

Now, we are told that Coll,(3y).”(x, y) (cf. 1I1.11.4); thus the assumption
Z = dom(S) translates into

Fzrc (V) (x € Z < (Fy).7(x, y))

and therefore the left hand side of (i) is provable, by tautological implication
and V-monotonicity (I.4.24). Thus the following is also a theorem:

AW) (UMW) A (Vx € Z)Py € W)/ (x, y)) (ii)
Let us translate (i7) into argot: We are told that a set W exists' such that
(Vx € Z)3y)(y € W Ay € S(x))
Hence
Vx e Z)WNS{x) £ 0
and finally (see Remark II1.11.5(5))
Z cSTW]

Since, trivially, Z 2 S~ [W] we see that W will do for the sought B.
(2) follows from (1) using S~! instead of S. O

II1.11.27 Remark. Statement (1) in the theorem, and therefore (2), are “equiv-
alent” to collection. That is, if we have (1), then we also have (i) above. To see
this, let.””(x, y) of the formal language satisfy the hypothesis of collection, (i):

(Vx € Z)3y).7(x, y) (a)

for some set Z. Let us define S = {(x,y) :.7(x,y) Ax € Z}. Then (a) yields
Z = dom(S). (1) now implies that for some set B, Z € S~![B], from which
the reader will have no trouble deducing

(Vx € Z)@3y € B).”(x, y) b)

(b) proves (EIW)(—|U(W) ANVx € Z2)3y € W).Ax, y)). O @

T We are using the auxiliary constant W, in other words.
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II1.11.28 Proposition.

(1) If S is a function and A is a set, then so is S[A].
(2) If S is a function and dom(S) is a set, then so is ran(S).

Proof. (2) follows from (1), since ran(S) = S[dom(S)].
As for (1), it is argot for collection version II1.8.12(4). Indeed, letting

S={{x,y) : X (x, )}

the assumption that S is a function yields (cf. I11.11.13(4)) the theorem

X, NS (x,2) >y=1z2

The aforementioned version of collection then yields
Colly(Ax € A).”(x, y)

i.e., that the class term
{y:@x € A)7(x, y)}

can be formally introduced (“is a set”). This is exactly what we want. O

@ We have already noted in II1.8.3(II), p. 164, that the proposition — being an
argot rendering of 1I1.8.12(4) — is equivalent to collection II1.8.2.F A proof
of this equivalence will be given later once rank (of set) and stage (of set
construction) have been defined rigorously. In the meanwhile, in practice, the
proposition (i.e., collection version II1.8.12(4)) will often be used in lieu of
collection (being an implication of the latter, this is legitimate). @@

I11.11.29 Corollary. IfF is a function and dom(F) is a set, then I is a set.

Proof. By II1.11.28, ran(IF) is a set. But F € dom([F) x ran([F).

Alternatively, let G & {(x, (x, F(x))) : x € dom(F)}. Clearly, G is a func-
tion and dom(G) = dom(IF), while ran(G) = F. O

The notion of function allows us to see families of sets from a slightly
different notational viewpoint. More importantly, it allows us to extend the
notion of Cartesian product. First of all,

111.11.30 Informal Definition (Indexed Families of Sets). A function IF such

that ran(IF) contains no urelements is an indexed family of sets. dom(FF) is the
index class. If dom(FF) = J, then we have an empty indexed family.

T Or, as we simply say, collection.
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If we let I be a name for dom([F), then we often write (I, ),cr to denote the
indexed family, rather than just F or La.F(a).

In the notation “IF,” it is not implied that F(a) might be a proper class (it
cannot be); rather we imply that the function F might be a proper class. O

Note that we called I, rather than ran(FF), the indexed family (of course, ran(FF)
is a family of sets in the sense of I11.6.3, p. 150). What is new here is the intention
to allow “multiple copies” of a set in a family with the help of F. An indexed
family allows us to be able to talk about, say, S = {a, b, a, a, c, d} without being
obliged to collapse the multiple a-elements into one (extensionality would
dictate this if we had just a set or class {a, b, a, a, ¢, d}). This freedom is
achieved by thinking of the first a as, say, f(0), the second as f(2), and the
third as f(3), where

f=10,4a),(1,b),(2,a),(3,a), (4,¢), (5.d)}

is an indexed family with index setdom( f) = {0, 1, 2, 3, 4, 5},andran(f) = S.
Why is this useful?

For example, if a, b, ¢, d, .. . are cardinals (Chapter VII), we may want to
study sums of these where multiple summands may be equal to each other. We
can achieve this with a concept/notation like D ;o 1) J (@)

This situation is entirely analogous to one that occurs in the study of series
in real analysis, where repeated terms are also allowed. @

I11.11.31 Example. Every family of sets A in the sense of I11.6.3 leads to an
indexed family of sets Ax.x that has A as domain or index class.

Here is a family of sets in informal mathematics: {(0, 1/n) : n € N — {0}},
where “(a, b)” here stands for open interval of real numbers. This can be viewed
as an indexed family fitting the general scheme — Lx.x — above.

A more natural way is to view it as the indexed family An.(0, 1/n) of domain

N — (0}, thatis, (0. 1/m), .- =

II1.11.32 Informal Definitio